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BOOK III. 



Postulate. 

A POINT is within, or without, a circle, according as 
its distance from the centre is less, or greater than, the 
radius of the circle. 

Definitions. 

I. A straight line, as PQ, drawn so as to cut a 
circle ABCD, is called a Secant. 




That such a line can only meet the circumference in two 
points may be shewn thus : 

Some point within the circle is the centre ; let this be 0. 
Join OA. Then (Ex. 1, i. 16) we can draw one, and only one, 
straight line from O, to meet the straight Ivaa PQ,^ ^sQ>s3cLSissa>^ 
it shall be equal to OA, Let tYi\a \me \>^ OG. ^>a5B^ A ^^ 
(7 are the only points in PQ, wYiicYi ac€> ou VJaa c«c^>xs&^'^^^^^ 
of the circle. ^ 

8, E. II. . 
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II. The portion AC of the secant FQ, intercepted 
by the circle, is called a Chord. 

III. The two portions, into which a chord divides 
the circumference, as ABC and ABC, are called Arcs. 




IV. The two figures into which a chord divides the 
circle, as ABC' and ADC, that is, the figures, of which 
the boundaries are respectively the arc ABC and the 
chord AC, and the arc ABC and the chord AC, are 
called Segments of the circle. 

V. The figure AOCB, whose boundaries are two 
radii and the arc intercepted by them, is called a Sector. 

VI. A circle is said to be described about a recti- 
linear figure; when the circumference passes through 




each of the angular points of the figure ; and the figure is 
sa/d to be inscribed in the circle. 
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Proposition I. Theorem. 

The line, which bisects a cfiord of a circle at right angles, 
jnust contain the centre. 




Let ABC be the given 0. 

Let the st. line CE bisect the chord AB at rt angles in D. 

Then the centre of the must lie in CB. 

For if not, let 0, a pt. out of CE, be the centre, 

and join OA, OD, OB. 

Then, in A s OJDA, ODB, 

V AD = BD, and £>0 is common, and OA = OB ; 

.-. iODA= lODB', lC. 

/. I ODB is a right i . i. Def. 9. 

But I CDB is a right i , by construction ; 

.'. I ODB= L CDB, which is impossible; 

/. is not the centre. 

Thus it may be shewn that no xwint, out of CE, can be the 
centre; and .'. the centre must lie in CE, 

Cob. If CE be bisected m F, \3asii F ^^ KSoa ^^^^^^^ ' 
tbe circle. ^ ?: 
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Peoposition II. Theorem. 

If any two points be taken in the circumference of a circle, 
the straight line, which joins them, mitst fall within the 
circle. 




Let A and 'B be any two pts. in the Oce of the © ABC, 

Then mtist the st. line ABfaU within the ©. 
Take any pt Z> in the line AB, 

Find the centre of the ©. iii. 1, Cor. 

Join OA, OD, OB, 
Then •.• z OAB= i DBA, i. 4, 

and I ODB is greater than z OAB, i. 16. 

.'. z ODB is greater than z OB A ; 
and .-. OB is greater than OD, * 1. 19. 

.*. the distance of D from is less than the radius of the 0, 

and .*. D lies within the ©. 
And the same may be shewn of any other pt. in AB, 

:, AB lies entirely within the Q. q. b. d. 
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Proposition III. Theorem. 

If a straight line, dravm throtigh the centre of a circle, 
bisect a chord of the circle, which does not pass through the 
centre, it must cut it at right angles: and conversely, if it 
cut it at right angles, it must bisect it. 




In the © ABCy let the chord AB, which does not pass 
through the centre O, be bisected in E by the diameter CD. 

Then must CD be ± to AB. 

Join OA, OB. 

Then in a s ABO, BEO, 

V AE=BE, and EO is common, and OA-OB, 

:, L OEA = L OEB. i. C. 

Hence O^ is ± to AB, i. Def. 9. 

that is, CD is ± to AB, 

Next, let (7i> be ± to AB, 

Then mv^t CD bisect AB. 

For *.• OA = OB, and OE is common, 

in the right-angled a s AEO, BEO, 

:, AE=BE, I. B. Cor. p. 4a 

that is, CD bisects AB. Q. e. d. 

Ex. 1. Shew that if CD does not cut AB at right angles, 
it cannot bisect it. 

Ex. 2. A line, which bisects two parallel chords in a circle, 
is also perpendicular to them. 

Ex. 3. Through a given point within a circle, which is not 
the centre, draw a chord which shall be bisected vcLtJasb^^^SK^^x. 
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Peoposition IV. Theorem. 

If in a circle two chords, which do not both pass through 
the centre, cut one another, they do not bisect each othsr. 




Let the chords AB, CD, which do not both pass through 
the centre, cut one another, m the pt. E, in the ACBD, 

Then AB, CD do not bisect each other. 

If one of them pass through the centre, it is plainly not 
bisected by the other, which does not pass through the centre. 

But if neither pass through the centre, find the centre O, 
and join OE. 

Then •/ OE, passing through the centre, bisects AB, 

.*. z OEA is a rt. i, ni. 3. 

And •.' OE, passing through the centre, bisects CD, 

:. L OEC is a rt. z ; ni. 3 

.'. L OEA = z OEC, which is impossible ; 

.*. AB, CD do not bisect each other. Q. e. d. 

Ex. 1 . Shew that the locus of the points of bisection of all 
parallel chords of a circle is a straight line. 

Ex. 2. Shew that no parallelogram, except those which are 
rectangvUar, can be inscribed in a circle. 
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Peoposition V. Theoebm. 

If two circles cnt one another^ they cannot have the same 

centre. 




If it be possible, let be the common centre of the © s 
ABC, ADC, which cut one another in the pta. A and C 

Join OA, and draw O^JF' meeting the ©s in i? and F, 

Then •/ is the centre of © ABC, 
/. 0E= OA ; 

and •/ is the centre of © ADC, 

.\OF=OA\ 
,\ 0E= OF, which is impossible ; 
.'. is not the common centre. Q. e. d. 

Ex. Two circles, whose centres are A and B, intersect in 
in C; through C two chords DCE, FCO are drawn equally 
inclined to AB and terminated by the circles: prove that DJS 
and FG are equal. 

Note. Circles which have the same centre are called 
Concentric. 
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Note I. On the contact of circles, 

Dep. VII. Circles are said to totich each other, whici 
meet hut do not cut ea>ch other. 

One circle is said to touch another internally, when on< 
point of the circumference of the former lies on, and no poin 
• without, the circumference of the other. 

Hence for internal contact one circle must be smaller thai 
the other. 

Two circles are said to touch externally, when one poin 
of the circumference of the one lies on, and no point within 
the circumference of the other. 

No restriction is placed by these definitions on the numbe 
of points of contact, and it is not till we reach Prop, xiu 
that we prove that there can be hut one point qf contact 
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Proposition VI. Theorem. 

If one circle touch another internally, they cannot liave 
the same centre. 




Let © ^2>^ touch © ^5(7 internally, 
and let ^ be a point of contact 

Then some point E in the Oce ADE lies within © ABC. 

Del 7. 

If it be possible, let be the common centre of the two 

©s. 

Join OAf and draw O-SC meeting the Oces in -& and C. 
Then •.* is the centre of © ABC, 

.-. OA = OC; i.Def. 13. 

and •.• is the centre of © ADE, 

/. OA = OE, I. Def. 13. 

Hence 0E= OC, which is impossible ; 
.*. is not the common centre of the two ©s. q. e. d. 
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Proposition VII. Theorem. 

TJfrom any point within a circle, which is not the centre 
straight lines be drawn to the circurnference, the greaAesi 
of these lines is that which passes through the centre^ 




Let ABGhe a ©, of which is the centre. 

From P, any pt. within the 0, draw PA, passing througli 
O and meeting the Oce in -4. 

Then must VLhe greater than any other line, drawn 
from P to the Qce, 

For let PB be any other line, drawn from P to meet the 
Oce in B, and join BO, 

Then vAO = BO, 
:, ^P=sum of BO and OP. 
But the sum of BO and OP is greater than BP, i. 20 
and .'. AP is greater than BP, Q. b. d 

i 

Ex. I. If AP be produced to meet the circumference ii 
D, shew that PD is less than any other line that can hi 
drawn from P to the circumference. 

Ex. 2. Shew that PB continually decreases, as B passei 
from A to D. 

Ex. 3. Shew that two lines, but not three, that shall b< 
egaal <^^ ^ drawn from P to the circxuDQiexeiic©. 
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Proposition VIII. Theorem. 

If from any point without a circle straight lines he 
drawn to the circumference, the least qf these lines is that 
which, when produced^ passes throtigh the centre, and the 
greatest is that which passes through the centre. 




Let ABC he a 0, of which is the centre. 
From P any pt. outside the ©, draw PAOC, meeting the 
Oce in -4 and G. 

Then must PA be less, and PC greater, than any other 
line dragon from P to tlie Oce. 

For let PB be any other line drawn from P to meet the 
Oce in 5, and join BO, 

Then *.• sum of PB and BO is greater than OP, i. 20. 
.*. sum of PB and BO is greater than sum of AP and AO, 

But BO=AO; 
.\ PB is greater than AP> 
Again, •/ PB is less than the sum of PO, OB, i. 20. 
.*. PB is less than the sum of PO, 00; 
,', PB is less than PC, 
Ex. 1. Shew that PB continually increases as B passes 
from A to C, 

Ex. 2. Shew that from P two lines, but not three, that 
shall be equal, can be drawn to the circumference. 

Note. From Props, vii. and viii. we deduce the following 
Corollary, which we shall use in the proof of Props, xi. and 

XIII. 

CoK. If a point he taken, within or without a cirde, of 
all lines drawn from, that point to tfie cxrcuw.Jwenfx^e.^^iiVwi 
greatest is that which meets the circurrvfereucft ovftw •poavv^vQ 
through the centre. 
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Proposition IX. Theorem. 



If a point he taken within a circle^ from which there fall 
more th/in two equal straight lines to the circumference^ 
that point is the centre qfthe circle. 




Let be a pt. in the © ABC, from which more than two 
st lines OA, OB, OG, drawn to the Oce, are equal. 

Then must he the centre ofth^®. 

Join AB, BC, and draw OD, OF ± to AB, BC. 

Then *.• OA = OB, and OD is common, 

in the right-angled a s AOD, BOD, 

:. AD = DB; I. B. Cor. p. 43. 

.*. the centre of the © is in DO. UL 1. 

Similarly it may be shewn that 

the centre of the © is in EO ; 

.*. is the centre of the ©. q. b. d. 
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Proposition X. Theorem. 

Two circles cannot have more than two points common to 
hoth without coinciding entirely. 




If it be possible, let ABC and ADE be two ©s which 
have more than two pts. in common, as A, B, C. 

Join AB, BC. 

Then •/ ^^ is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects AB at right angles ; in. 1. 

and •.' BG is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects BG at right angles. m. 1. 

.'. the centre of each circle is the point, in which the two 
straight lines, which bisect AB and BG at right angles, meet. 

.'. the ©s ABG, ADE have a common centre, which is 
impossible ; ni. 5 and 6. 

/. two ® s cannot have more than two pts. common to both. 

Q.E.D. 

Note. We here insert two Propositions, Eucl. ni. 25 and 
IV. 5, which are closely connected with Theorems i. and x. of 
this book. The learner should compare with this portion of 
the subject the note on Loci, Part I. p. IQS. 
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Proposition A. Problem. (Eucl. III. 25.) 



An arc of a circle being given, to complete the circle < 
fchich it is a part. 




Let ABC he the given arc. 

It is required to complete the (•) of which ABC is a par 

Take B, any pt. in arc ABC, and join AB, BC, 

From D and E, the middle pts. of AB and BC, 

draw DO, EO, ±s to AB, BC, meeting in O. 

Then •/ -4 -S is to be a chord of the ©, 

/. centre of the © lies in DO ; ni. 1 

and •/ BC is to be a chord of the ©, 

.'. centre of the © lies in EO, ni. 1 

Hence is the centre of the ® of which ABC is an arc 
and if a © be described, with centre and radius 0.4, thii 
will be the © required. Q. b. f 
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Proposition B. Problem* (Eucl. IV. 5.) 
To describe a circle abotU a gwen triangle. 




Let -4-S(7 be the given A. • 

It 18 required to describe a © (ibout the A . 

From D and E, the middle pts. of AB and BC, draw DO, 
BO, ±s to AB, BC, and let them meet in O, 

Then •/ AB is to be a chord of the ©, 

/. centre of the © hes in DO. in. 1. 

And •/ BC is to be a chord of the ©, 

.'. centre of the © lies in EO, hl 1. 

Hence is the centre of the © which can be described 
about the A, and if a © be described with centre and 
radius OA, this will be the ® required. q. b. p. 

Ex. 1. If BAG he a right angle, shew that will coincide 
with the middle point of BC, 

Ex. 2. If BAG be an o\>twae> ^\i^<e»,^«^ *Qmb^ ^ -^J^'^^Siiv 
on the Bide of BC remote troia A. 
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Proposition XI. Theorem. 

If one circle toiuch another internally at any point, the 
centre of the interior circle must lie in tJiat radiits of the 
other circle which passes through that point of contact. 




Let the © ADE touch the © ABC internally, and let A 
be a pt. of contact. 

Find the centre of © ABC, and join OA, 

Then must the centre cf © ADE lie in the radius A. 

For if not, let P be the centre of ADE, 

Jom OP, and produce it to meet the Oces in D and B. 

Then v P is the centre of ADE, and from O are draiivn to 
the Oce of ADE the st. lines OA, OD, of which OD passes 
through P, 

.'. OD is greater than OA, ni. 8, Cor. 

B\iiOA = OB', 
,\ OD is greater than OB, 
which is impossible. 

.'. the centre of ADE is not out of the Tn)udi\» OA^ 

.', it lies in OA, ^'^\i, 
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Peoposition XII. Thboebm. 

If two circles touch one another extemaUy at any pointy 
the straight line joining the centre of one with that point of 
contact mtist when produced pass through the centre qf the 
other. 




Let ABC touch ADE externally in the pt. A. 

Let be the centre of ABC. 

Join OA, and produce it to ^. 

Then must the centre cf ADE lie in AE. 

For if not, let P be the centra 

Join OP meeting the 0s in ^, i> ; and join AP. 

Then V 0^=0-4, 

and Pi>=^P, 

:. OB and PD together = OA and AP together ; 

/. OP is not less than 0^ and AP together. 

But OP is less than OA and AP together, i. 20. 
which is impossible ; 

.*. the centre of ADE cannot lie out of AE. q. e. p. 

Ex. Three circles touch one another externally, whose 
centres are A^ B, C. Shew that the difference between AB 
and AC S& half as great as the differentia Vi^'cw^e^ '^^ 
diameters of the circles, whose centres «cq B «sv\ 0« 
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EUCLIjys ELEMENTS. 



Pboposition XIII. Theorem* 

One circle cannot touch another in more points than one^ 
whether it toitch it internally or externally. 

First let the ADJS touch the ABC internally in pt ^. 

27ien there can be no other point qf contact^ 




Take the centre of ABC. 

Then P the centre of ADE lies in OA. ul 11. 

Take any pt. i^in the Oce of the ADE, and jom OE. 

Then *.• from 0, a pt, within or without the ADE^ two 
lines OAy OE are drawn to the Oce, of which OA't^obbob 
through the centre P, 



/. OA is greater than OE, 
and .*. ^ is a point within the ABC, 



ni. 8, Cob. 



Similarly it may be shewn that every pt of the Oce of 
ADE, except A, lies within the ABC; 

.'. A ia the only point in Yr\i\c\i t\iQ c$)ft 'OiQ^V 
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Next, let the ©s ABC, ADE touch externally in the pt. A. 
Then there can be no other point qf contact, 




Take the centre of the © ABC. 

Then P, the centre of the © ADE, lies in OA produced. 

IIL 12. 

Take any pt 2> in the Oce of the © ADE, and join OD. 

Then •/ from 0, a pt. outside the © ADE, two lines OA, OD 
are drawn to the Oce, of which OA when produced passes 
through the centre P, 

,\ OD is greater than OA ; iiL 8. 

«*. 2> is a point without the © ABC, 

Similarly, it may be shewn that every pt. of the Oce of 
ADE, except A, lies tmthoitt the © ABO; 

.*. A is the only point in which the ©s meet. q. e. d. 

Dep. VIII. The DISTANCE of a chord from the centre is 
measured by the length of the perpendicular drawn from the 
centre to the chord. 



\J?^— *^ 
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Peoposition XrV. Thboeem. 

EqtMi chords in a circle are equally dUtant fircvn \ 
centre; and conversely^ those, which are equally disk 
from the centre, are eqiial to one another. 




Let the chords AB, CD in® ABDOhe equal 

ITien must AB and CP he equally distant /ram i 
centre 0. 

Draw OP and OQ ± to AB and CD; and join AO, CO. 

Then P and Q are the middle pts. of AB and CD: m. 

and V AB=CD, :. AP=CQ. 

Then / AP=CQ, and AO=CO, 

in the right-angled as AOP, COQ, 

,\ 0P= OQ; I. E. Oor. p. 4 

and .*. AB and CD are equally distant from O. Del Yi 

Next, let AB and CD be equally distant from O. 

Then must AB = CD. 

For V 0P= OQ, and A0= CO, 

in the right-angled a s AOP, COQ, 

:.AP=CQ, l.B,Cc 

mA:,AB=CD, q.il 

Ex. In a circle, whose diameter is 10 inches, a chord 
drawn, which is 8 inches long. If another chord be draw 
at a distance of 3 inches from the centre, shew whether it 
equal or not to the foimer. 
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FBOP<»nioi( XT. Theokxic. 



The diam^er %» the greatat chord in a circle, and qf all 
ofhert Ikat which ii nearer to the centre u alieaj/t greater 
than one more remote; and the greater it nearer to the 
centre than the leei. 




Let AB be a diameter of the S ABDC, whose centre is 0, 
aud let CD be an; other chord, not a diameter, in the ©, 
nearer to the centre than the chord EF. 
Then mtistAB be greater than CB, and CH greater thanSF. 
Draw OP, OC J- to CD and EF; and join 0(7, OD, OK 
Then V AO^CO, and OB=OD, l DeC 13. 

.-. AB^%wa. of CO and OD, 
and .'. AB is greater than CD. i. 20. 

Again, ■.• CD ia nearer to the centre than EF, 

.-. OP is lesa than OQ. I)e£ nn. 

Now '. • aq. on 0(7= aq. on OB, 
.■. aumofaqq. onOP, PO^anmofaqq. onOQ, ^E. 1.47. 
But aq. on OP is leaa than aq. on OQ; 
.'. aq. on PC ia greater than sq. on Q£; 
.-. PC b greater than QE; 
and .'. CD is greater than EF. 

Next, let CD be greater than JSf. 

Then mutt CD 6« nearer to the centre than EF. 

For -.- CD ia greater than EF, 

.-. iV is greater thau QE. 
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Now sum of sqq. on OP^ P(7=sum of sqq. on 00, QE. 
But sq. on PC is greater than sq. on QE\ 
•'. sq. on OP is less than sq. on 0Q\ 
/. OP is less than OQ; 
and .*. CD is nearer to the centre than EF, Q. s. n. 

Ex. 1. Draw a chord of given length in a giyen elide, 
which shall be bisected by a given ehord. 

Ex. 2. If two isosceles triangles be of eqnal altitude, and 
the sides of one be equal to the sides of the other, shew that 
their bases must be equal 

Ex. 3. Any two chords of a circle, which cut a diameter 
in the same point and at equal angles, are equal to one 
another. 

Def. IX. A straight line is said to he a Tangbnt tOy or 
to touch, a circle, when it meets and, being prodticed, does 
not cut the circle. 

From this definition it follows that the tangent meets the 
circle in one point only, for if it met the circle in two points 
it would cut the circle, since the line joining two points in the 
circumference is, being produced, a secant, (m. 2). 

Def. X. If from any point in a circle ^ line be drawn 
at right angles to the tangent at that point, the line is called 
a NoBMAL to the circle at that point. 

Def. XI. A rectilinear figure is said to be described 
about a circle when each side of the figure touches the circle; 
and the circle is said to be inscribed in the figure. 
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Proposition XVI. Thboeem. 

The straight line dravm at right angles to the diameter 
of a circle, from the extremity qf it, is a tangent to the 
circle. 




Let ABC be a 0, of which the centre is 0, and the 
diameter ^0.9. 

Draw DE at right angles to A OB. 

Then must DE he a tangent tothe (•). 

Take any point P in DE, and join OP. 
Then, v L OBP is a right angle, 

•'. I OPB is less than a right angle, l 17. 

and .*. OP is greater than OB. 1. 19. 

Hence P is a point outside the ABG. 

In the same way it may be shewn that every point in DE, 
or DE produced in either direction, except the point B, lies 
outside the ; 



.*. DE is a tangent to the 0. 



Def. IX, 



144 EUCLmS ELEMENTS. 

Peoposition XVIL Pboblem. 

To draw a straight line from a given point, either with- 
out or OK the circun%ference, which shall touch a given circle. 




Let A be the giyen pi, withottt the BCD. 
Let be the centre of BCD, and join OA. 
Bisect OA in E, and with centre E and radius JSO, 
describe a ABOD, cutting the given ® iaB and Z>. 
Join AB, AD. These are tangents to the ® BCD. 

Join BO, BR 
Then '.• OE=BE, /. z OBE= z BOE; 

.'. L AEB=tmce z QBE; L32. 

and V AE=BE, .'. z -45J&= z J9-d[^; 

/. z 0^^=twice z ^-S-^; L 32. 

/. sum of z s AEBy OEB = twice sum of z s OBE, ABE, 
that is, two right angles = twice z OB A ; 

.*. z 0^^ is a right angle, 
and .*. AB is a tangent to the BOD. l 16. 

Similarly it may be shewn that AD is a tangent to 
BCD. 

I^ext, let the giyen pt. be on the Oce of the 0, as ^. 
Then, if BA be drawn x to the radius OB, 

BA is a tangent to the at i9. 1. 16. 

Q.E. D. 

Ex. 1. Shew that the two tangents drawn from a point 
without the circumference to a circle are equal. 

Ex. 2. If a quadrilateral ABCD be described about a 
circle, shew that* the sum of AB and CD ia oc^o^ \a t\^ 
nua ofAOsmd BD. 
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Proposition XYIII. Theorem. 

If a straight line touch a circle, the straight line drawn 
from the centre to the point qf contact must he perpendicular 
to the line touching the circle. 




Let the st. line 2>J& touch the ABC in the pt. O. 

Find the centre, and join 00. 

Then must OC he x to DE. 

For if it be not, draw OBF x to DEj meeting the Oce in B. 

Then •/ OFG is a rt angle, 

.*. OCF is less than a rt. angle, L 17. 

and .'. 00 is greater than OF. L 19. 

But 0C7= OB, 

:, OB is greater than OF, which is impossible ; 

.% OF is not ± to DE, and in the same way it may be 
shewn that no other line drawn from 0, but OC, is x to DE ; 



:.0Ci8 ± to DE. 



Q. E. D. 



Ex. If two straight lines intersect, the centres of all 
circles touched by both lines lie in two lines at right angles 
to each other. 

Note. Prop. xvin. might be stated t\vx3&\— All TcxAVft. ^S <k 
circle are normals to the circle at th/6 poitOi^ "wiUOTft i>v«\i '«^*'** 
fAe circun^erence. 
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Pbopositiox XIX Theorem. 

If a straight line touch a circle, and from the point 
of contact a straight line be drawn at right angles to the 
touching line, the centre cfthe circle mtut be inthoit line. 




Let the st. line DE touch the ABC at the pt. C, and 
from Clet CA be drawn x to DE, 

Then must the centre ofthe(»>be in CA. 

For if not, let i^be the centre, and join FC, 

Then *.• DOE touches the ©, andi^C7is drawn from centre 
to pt. of contact, 

.*. FCE is a rt. angle. in. 18. 

But A CE is a rt. angle j 

.-. I FCE= L ACE, which is impossible. 

In the same way it may be shewn that no pt. out of CA 
can be the centre of the ; 



.*. the centre of the lies in CA, 



Q.E. D. 



Ex. Two concentric circles being described, if a chord 
of the greater touch the less, the parts intercepted between 
the two circles are equal. 

NoTK Prop, xjx, might be stated t\ma v— E-oery wyrmciX 
/a a ci9 clepctsses ihrotigh the centre* 
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Pboposition XX. Theobem. 

The angle at the centre qf a circle is double qfthe angle 
at the circumference^ subtended by the same arc. 

Let ABC he a ©, the centre, 

BCbhj arc, A any pt. in the Oce, 

TTien must z BOC = twice l BAG. 

First, suppose to be in one of the lines containing the 
I BAG. 




Then •/ OA = 0(7, 

.-. z OCA= I OAG; 

.'. sum of z s OGAf OAG = twice z OAG. 

But z BOG = sum of z 8 OGA, OAG, 

:. L BOG = twice z OAG, 

that is, z J90C7= twice z J5-4a 



I. A. 



1.32. 
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Next, suppose O to be mthin (fig. 1), or without (fig. 2) the 
L BAG. 




Join AO^ and produce it to meet the Oce in Z>. 

Then^ as m the first case, 

L COD = twice L CAD, 

and L BOD = twice l BAD; 

.'., Bg, 1, sum of z s COD, BOD = twice sum of z s CAD, 
BAD, 

that is, z BOC = twice z BAG. 

And, fig. 2, difference of z s COD, BOD = twice difference 
of iBCAD,BAD,iha,tia, z BOC=tmce z BAC. 

Q. E. D. 

Ex. 1. The centre of the circle CBED is on the circum- 
ference of ABD. If from any point A the lines ABC and 
AED be drawn to cut the circles, the chord BE is parallel to 
CD. 

Ex. 2. From any point in a straight line touching a circle 
a straight line is drawn through the centre, and is terminated 
by the circumference; the angle between these two straight 
lines is bisected by a straight line, which intersects the straight 
line joining their extremities. Shew that the angle between 
tbe last two lines is half a right angla 
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Note II. "We have already explained (Note ni. Book i. 
p. 28) how Euclid's definition of an angle may be extended 
with advantage, go as to include the conception of an angle 
equal to two right angles: and we now proceed to shew how 
the Definition given in that Note may be extended, so as to 
embrace angles greater than two right angles. 




Let WQ be a straight line, and QE its continoation. 

Then, by the Definition, the angle made by WQ and QEy 
which we propose to call a Flat Angle, is equal to two right 
angles. 

Now suppose QP to be a- straight line, which revolves 
about the fixed point Q, and which at first coincides with QE, 

When QP, revolving from right to left, coincides with 
Q W, it has described an angle equal to two right angles. 

When QP has continued its revolution, so as to come into 
the position indicated in the diagram, it has described an 
angle EQP, indicated by the dotted line, greater than two 
right angles, and this we call a Reflex Angle. 

To assist the learner, we shall mark these angles with dotted 
lines in the diagrams. 

Admitting the existence of angles, equal to and greater 
than two right angles, the Proposition last proved may be 
extended, as we now proceed to shew. 
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Proposition C. Theorem, 

TJhe angUj not less than two right angles^ at the centre of 
a circle is double of the angle at the circumference^ subtended 
lyy the same arc. 





In the © ACBD, let the angles AOB (not less than two 
right angles) at the centre, and ADB at the circumference, 
be subtended by the same arc ACB, 

Then must i AOB = twice i ADB, 

Join DO, and produce it to meet the arc ACB in G. 

Then •/ i AOC ^ twice i ADO, in. 20. 

and I BOG = twice z BDO, m, 20. 

.•, sum of z B AOG, BOG = twice sum of z s ADO, BDO, 

that is, I AOB = twice z ADB. q. e. n. 

Note. In fig. 1, AOB is drawn a flat angle, 

and in fig. 2, AOB is drawn a reflex angle. 



Def. XII. The angle in a segment is the angle contained 
jfyr two straight linea drawn from any poVnt m l\i« «^c^ \a \>da 
ertreauties of the chord. 
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Peoposition XXI. Thboeem. 

The angles in the same segment of a circle are eqtud to 
one anotJier, 

Fig. 1. Fig. 2. 




Let BAC, BDChe angles in the same segment BADG^ 

Then must i BAC = i PDG, 
First, when segment BADC is greater than a semicircle^ 
From 0, the centre, draw OB, OC. (Fig. 1). 

Then, •.• i BOG = twice i BAC, iil 20. 

and I BOG = twice z BDC, m. 20. 

.-. L BAG= L BDC. 
Next, when segment BADG is less than a semicircle. 

Let E be the pt. of intersection of AG, DB. (Fig. 2). 
Then, v l ABE= l DGE, by the first case, 

and I BEA= i GED, 1. 15. 

.-. z EAB= L EDGj I. 32. 

that is, I BAG = I BDG, q. e. d. 

Ex. 1. Shew that, by assuming the possibility of an angle 

being greater than two right angles, both the cases of this 

proposition may be included in one. 

Ex. 2. AB, AG are chords of a circle, 2>, j& the middle 
points of their arcs. If DE be joined, shew that it will cut 
off equal parts from AB, AG, 

Ex. 3. If two straight lines whose extremities are in 
the circumference of a circle cut one another, the triangles 
formed bj joining their extremiti^ «ux^ ^o^j^jwaj^oNsat \*^ ^'^k^a. 
other. 
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Fboposition XXII. Theobem. 

The opposite angles qf any quadrilateral figure^ in- 
scribed in a circle, are together equal to two right angles. 




Let ABCD be a quadrilateral fig. insmbed in a 0. 

Thsn must each pair of its opposite is be together equal 
to two rt, L s. 

Draw the diagonab AC, BD. 

Then v z ADB= i ACB, in the same segment, m. 21. 
and z BDC= l BAG, in the same segment ; m. 21. 
/. snm of z s ADB, BDG=^ sum of z s ACB, BAG\ 
that is, z ^2>C=sum of z s AGB, BAG. 
Add to each lABG. 

Then z s ADG, ABG togefcher=8um of z s AGB, BAG, 
ABGi 

and .'. z s ADG, ABG together = two right z s. l 32. 
Similarly, it may be shewn, 

that zsJ9^Z>,^C72>tQgether:=two right zs. 

Q.E.D. 

Note, Another method of proymg t!kna vto^^Uqu V& 
Siren on page 209. 
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Ex. 1. If one side of a quadrilateral figure inscribed in 
a circle be produced, the exterior angle is equal to the oppo- 
site angle of the quadrilateraL 

Ex. 2. If the sides AB, DCot a quadrilateral inscribed 
in a triangle be produced to meet in E^ then the triangles 
EBC, BAD will be equiangular. 

Ex. 3. Shew that a circle cannot be described about a 
rhombus. 

Ex. 4. The lines, bisecting any angle of a quadrilateral 
figure inscribed in a circle and the opposite exterior angle, 
meet in the circumference of the circle. 

Ex. 5. ABj a chord of a circle, is the base of an isosceles 
triangle, whose vertex C is without the circle, and whose 
equal sides meet the circle in 2>, ^: shew that CD is equal 
ioCE. 

Ex. 6. If in any quadrilateral the opposite angles be 
together equal to two right angles, a circle may be described 
about that quadrilateraL 

Propositions xxm and xxiv., not being required in the 
method adopted for proving the subsequent propositions in 
this book, are removed to the Appendix. Proposition xxy. 
has been already proved. 



Note III. On the Method of Superposition, a$ 

applied to Circles, 

In Props. XXVI. xxvii. xxvin. xxix. we prove certain 
relations existing between chords, arcs and angles in equal 
circles. As we shall employ the Method of Superposition, 
we must state the principles which render this method 
applicable, as a test of equality, m l\i^ eaaa ^i^^goct^'** ^^^^s^ 
eirctdar boundaries. 
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Def. XIII. Equal circUs are those, qf which the radii 
are equal. 





For suppose ABC, A'B'C to be circles^ of which the radii 
are equal 

Then if © A'B'C' be applied to © ABC, so that (y, the 
centre of ABC*, coincides with 0, the centre of ABC, it 
is evident that any particular point A' in the Ooe of the 
former must coincide with eome point A in the Oce of the 
latter, because of the equality of the radii CA' and OA. 

Hence Oce ABO must coincide with Oce ABC, 

that is, © ABC^ © ABC. 

Further, when we haye applied the circle ABC to the 
circle ABC, so that the centres coincide, we may imagine 
ABC to remain fixed while ABC revolves round the 
common centre. Hence we may suppose any particular point 
B* in the circumference of ABC to be made to coincide 
with any particular point B in the circumference of ABC 

Again, any radius O'A* of the circle AB'C may be made 
to coincide with any radius OA of the circle ABC. 

Also, if AB' and AB be equal arcs, they may be made 
to coincide. 

Again, every diameter of a circle divides the circle into 
equal segments. 

For let AOB be. a diameter of 
the circle ACBD, of which is the 
centre. Suppose the segment A CB to 
be applied to the segment ADB, so 
as to keep AB a common boundary: 
then the arc ACB must coincide 
wftb the arc ADB, because every 
point in each la equally distant from 0. 
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PxoposiTiON XXYI. Theorem. 

In equal circles, ths arcs, which subtend equal angles, 
whether they be at the centres or at the circun^ferences, mtut 
heequaL 





tefc ABC, DEF be equal circles, and let i s BOC, EHF 
at their centres, and z s BAG, EDF at their Oces, be 
equal. 

Then must arc BKO= arc ELP. 

For, if © -4^C be applied to © DEF, 

flo that Q coincides with H, and GB falls on HE^ 

then, V GB^HE, :. B will coincide with E. 

And V L BGG^ l EHF, :. GG will faU on HF; 

and V GG=:HF, .\ G will coincide with F. 

Then •/ B coincides with E and G with F, 

.', arc BKG will coincide with and be equal to arc ELF, 

Q.S.D. 

Note. This and the three following Propositions are, and 
will hereafter be assumed to be, in^ i^x tUe %a*au& cxt^a <%s^ 
w^ aa for equal circles* 
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Peoposition XXVII. Theorem. 

In equal circles^ the angles, which are mbtended hy eqtud 
arcs, whether they are at the centres or at the circumferences 
miAst he eqtial. 





Let ABC, DEF be equal circles, and let z s BGC^ EHF 
at their centres, and L s BAG, EDF at their Oces, be sub- 
tended by equal arcs BKC, ELF, 

Then must i BGC= i EHF, and i BAC= i EDF. 
For, if © ^jBCbe applied to© DEF, 
so that Q coincides with H, and GB falls on HE^ 
then ••• GB=HE, :. B will coincide with E) 
and %• arc BKC=9xc ELF, :. C will coincide with F. 
Hence, GC will coincide with HF. 
Then •/ BG coincides with EH, and 6?(7with HF, 
:, L BGC will coincide with and be equal to L EHF. 

Again, v l BA (7= half of L BGC, iii. 20. 

and L EDF=\L2\i of l EHF, m. 20. 

/. lBAC^ L EDF. 1. Ax. 7. 

Q.E.D. 

Ex. 1. If, in a circle, AB, CD be two arcs of given mag- 
nitude, and AC, BD be joined to meet in E, shew that the 
angle AEB is invariable. 

Ex. 2. The straight lines joining the extremities of the 
chords of two equal arcs of the same circle, towards the same 
parts, are parallel to each other. 

Ex. 3. If two equal chords, in a given circle, cut one 
another, the segments of the one shail be eqyiLaiV \a Vltii^ %%%- 
jBeots of the other, esLch to each. 
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Paoposffion XXVIII. Thbobeh. 

in equal circles, the ares, which are subtended by equal 
chords, must be equal, the greater to the greater, and the 
lees to the less. 





Let ABC, DEF be equal circles, and BC, EF equal 
chords, subtendiug the msgor arcs BAG, EDF, 

and the minor arcs BGC^ EHF, 
Then must arc BAG = arc EDF, and arc BGC = arc EHF. 
Take the centres K, L, and join KB, KG, LE, LF. 
Then \KB^LE, and KG=LF, and BG=EF, 

:. I BKG= L ELF. i. 0. 

Hence, if © ABGh^ applied to © DEF, 
so Ihat K coincides with L, and KB falls on LE, 
then V L BKG^ i ELF, /. KG will fall on LF-, 
andv KG^LF, /. (7 will coincide with J5* 
Then \' B coincides with E, and G with F, 
/. arc BAG will coincide with and be equal to arc EDF, 

and arc BQG EHF. 

Q.E.n. 
Bx. 1. If, in a circle ABGD, the arc AB be equal to arc 
DC, AD must be parallel to BC. 

Ex. 2. If a straight line, drawn from A the middle point 
of an arc BG, touch the circle^ shew that it is parallel to 
the chord BG, 

Ex. 3. If two chords of a circle intersect at right angles, 
the poftiona of the circumteTeniice \;^^^ ^^^Tusii^sj^ ^^^^ 
together equal to half the drevKxateceiiiQ^ 
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Pbopositiox XXIX. Theobeh. 



In equal circles^ the chords, which subtend equal arcs, 
must be equal. 





Let ABC, DEF be equal drcles^ and let EC, EF be 
chords, subtending the equal arcs BGC, EHF. 

Then must chard BC = chard BP. 

Take the centres JT, L, 

Then, if © ABC be applied to © DEF, 

80 that £" coincides with L, and B with E, 

and arc BOC falls on arc EHF, 

••• arc BGC=Bxc EHF, /. C will coincide with F. 

Then •/ B coincides with EmdC with F, 

.*• chord BC must coincide with and be equal to chord EF. 

Q.B.D. 

Ex. 1. The two straight lines in a circle, which join the 
extremities of two parallel chords, are equal to one another. 

.Ex, 2, If three equal chords of a circle craL\> oti<& «ci<c^^<^\ 
^ £6e same point, within the circle, that pomt \a VScl^ oeoXx^ 
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Nora lY. On the Symmstriedl propertiei qf the Circle 
with regard to its diameter. 

The brief remarks on Symmetry in pp. 107» 108 of Part I. 
may now be extended in the following way : 

A figure is said to be symmetrical with regard to a line, 
when every peipendicnlar to the line meets the figure at 
points^ which are eqnidislant frmn the Una 

Hence a Circle is Symmetrical with regard to its Diameter, 
becanse the diameter hieeeitii every chord, to which it is 
p^pendicohir. 




Further, sappose AB to be a diameter of the circle 
ACBDy of which O is the centre^ and CD to be a chord 
perpendicolar to AB. 

Then, if lines be drawn as in the diagram, we know that 
^^ bisects 

(1) The diord C72>, 

(2) The arcs 0^2) and (7^2), 

(3) The angles CAD, COD, CBD, and the reflex 
angle DOC. 

Also, chord CB = chord DB, 

and chord AC= chord AD, 

These Symmetrical relations should be careAilly observed, 
because they are often suggesUve of methods for the solution 
of problems. 
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Peoposition XXX. Problem. 
To bisect a given are. 




Let ABC be the given arc. 

It is required to bisect t?ie arc ABO. 

Join A C, and bisect the chord ACmD. 1. 10. 

From 2> draw 2)5 ± to -4C7. L 11. 

Then will the arc ABC be bisected in B. 

Join BA, BO. 

Then, in a s ADB, CDB, 

V AD=CD, and DB is common, and i ADB = z CDB, 

.\BA=BC. 1.4. 

But, in the same circle, the arcs, which subtend equal 
chords, are equal, the greater to the greater and the less to 
the less; in. 28. 

and *.' BD, if produced, is a diameter, 

.*. each of the arcs BA^ BC, is less than a semicircle, 

and .*. arc BA = arc BC. . 

Thus the arc ABC is bisected in B. q. b. f. 

Ex. If, from any point in the diameter of a semicircle, 

there be drawn two straight lines to the circumference, one 

to the bisection of the circumference, and the other at right 

Silkies to the diameter, the squares on tYie^Q Vro \m<^ ^tq 

^qgetber double of the square on the radiwa. 
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Pkoposition XXXI. Theorem. 

In a circle^ the angle in a semicircle is a right angle; 
and the angle in a segment greater than a semicircle is less 
than a right angle; and the angle in a segment less than a 
semicircle is greater than a right angle. 




Let ABC be a 0, O its centre, and i?C7 a diameter. 
Draw AC, dividing the © into the segments ABCy ADO, 

Join BA, AD, DC, AG. 

Then must the l in the semicircle BAC he art, l, and 
L in segment ABC, greater than a semicircle, less than a 
rt, I, and l in segment ADC, less than a semicircle, 
greater than art. l. 

First, •.• BO=AO, .'. l BA0= l ABO; 

:, /.CO A = twice lBAO; L 32. 

and V 00= AO, ,\ l CA0= lACO-, 

.". zJBO^= twice lOAO\ 1.32. 

.•. sum of z s COA, BOA =twice sum of z s BAO, CAO, 
that is, two right angles = twice lBAC, 

:, L BAC is a right angle. 

Kext, *.• z BAC is a rt. z , 

.*. I ABC is less than a rt z . L 17. 

, Lastly, •.• sum of z s ABC, ADC = two rt. z s, m. 22. 

and z ABC is less than a rt. z , 

.'. z ADC is greater than a rt. z . Q. e. d. 

Note. "For a simpler proof see p«i;ge ^\Q, 
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Ex. 1. If a circle be described on the radius of anotl 
circle as diameter, any straight line, drawn from the poi 
where they meet, to the oater drcmnference, is bisected 
the interior one. 

Ex. 2. If a straight line be drawn to touch a circle, f 
be parallel to a chord, the point of contact will be the mid 
point of the arc cut o£f by the chord. 

Ex. 3. If, from any point without a circle, lines be dra 
touching it, the angles contained by the tangents is dou 
of the angle contained by the line joining the points of conti 
and the diameter drawn through one of them. 

Ex. 4. The yertical angle of any oblique-angled trian 
inscribed 'in a circle is greater or less than a right angle^ 
the angle contained by the base and the diameter drawn fr 
the extremity of the base. 

Ex, 5. If, from the extremities of any diameter of a gi' 
circle, peri)endiculars be drawn to any chord of the cii 
that is not parallel to the diameter, the less perpendici] 
shall be equal to that segment of the greater, which 
contained between the circumference and the chord. 

Ex. 6. If two circles cut one another, and from eit] 
point of intersection diameters be drawn, the extremities 
these diameters and the other point of intersection lie in 
same straight line. 

Ex. 7. Draw a straight line cutting two concentric circ 
80 that the part of it which is intercepted by the circumfere 
of the greater may be twice the part intercepted by the 
cumference of the less. 

Ex. 8. Describe a square equal to the difference of 1 
given squares. 

'Ex. 9. If from the point in which a number of cir< 
touch each other, a straight line be drawn cutting all 
circles, shew that the lines, which join the points of in 
section in each circle with its centre, will all be parallel 
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PBOPoemoir XXXII. Theorem. 

V d^ 9irmffhtline touch a circle, and from the point qf 
^OHiaet a Hraight line he drawn cutting the circle, the anglee 
^f"^ hy this line with the line touching the circle mutt be 
^9Ual to the angles, which are in the alternate segments qf 
ihe circle. 




Let the st line AB touch the CDEFm F. 
Draw thechord FD, dividing the into segments FCD,FED. 
. Then must l DFB= l in segment FCD, 
and L DFA= l in segment FED. 

From F draw the chord FC ± to AB. 

Then FC is a diameter of the . iil 19. 

Take any pt. ^ in the arc FED, and join FE, ED, DC. 
Then •/ FDC is a semicircle, .'. l FDC is a rt z ; m. 31. 
/. sum of z s FCD, CFD=2i, rt. l. i. 32. 

Also, sum of z s DFB, CFD=^ rt. l ; 
/. sum of z s DFB, CFD^sam of z s FCD, CFD, 
and.-. lDFB^ lFCD, 
that is, z DFB=^ z in segment FCD. 

Again, *.* CDEF]& a quadrilateral fig. inscribed in a 0, 

:. sum of z s FED, FCD^two rt. z s. m. 22. 
Also, sum of z s DFA, DFB=two rt z s ; l 13. 
/. sum of z s DFA, DFB=sam of z s FED, FCD; 
and z DFB has been proved « z FCD ; 
.'. iDFA= I FED, 
that is, z DFA= z in segment FED. 

Q.E.D. 

Ex. The chord joining tihe pom\A ol t^\s\a«;X»^l\*^s:^S^^ 
wgenta is a diameter. 
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PROPOglTIOJf XXXIIL Pkoblkm. 
On a given straight tins to detcribe a fegmenf cf a circle 
eontcUning an angle equal to a given angU. 





I 



Let AB be the given si line, and C the given i , 
It is reqd, to describe on AB a segment qf a tchich shall 
contain an l = iQ. 

At pt ^ in st line AB make z BAD= l C. 

Draw AE ± to ADj and bisect AB m F, 

From F draw FG i. \^ AB, meeting AE in G. 

Then m A s AGF;BGF\ 

/. AF=BF, and FG is common, and i AFG^ i BFG ; 

/. GA = GB. L4 

With G as centre and ^^ as radius describe a ABH, 

Then will AHB be the segment reqd. 
For '.* AD is ± to AE, a line passing through the centre, 
.*. AD is a tangent to the ABH, xn. 16. 

And '.* the chord AB is drawn from the pt of contact A, 
:, L BAD= L in segment AEB^ m. 32. 

that is, the segment AHB contains an l = iCy 
and it is described on AB^ as was reqd. 

Q.E.F. 

Ex. 1. Two circles intersect in A, and through A is 
drawn a straight line meeting the circles again in P, Q, 
Prove that the angle between the tangents at P and Q is 
equal to the angle between the tangents' at A, 

Ex. 2. From two given points on the same side of a 
straight line, given in position, draw two straight lines which 
bMU contain a given angle, and be teTum^^j^^ Vxi \}[i^ ^^^\i 
/iua 
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pBOPosmoir XXXIY. Pboblex. 

To ctU off a segment from a given circle, capable cf am- 
Udning an angle equal to a given angle. 





Let ABC be the giren 0, and D the given z . 

It is reqd. to cut off from ABC a segment capable qf 
containing an z = z D. 

Draw the st line EBF to touch the circle at B, 

At B make z FBC= l D. 

Then '.' the chord.^C7i8 drawn from the pt of contact B^ 

/. I FBG- I in segment BAC, in. 32. 

that is, the segment i?^C7 contains an z = z Z>; 

and /. a segment has been cut off from the as was reqd. 

Q.E.P. 

Ex. 1. If two circles touch internally at a point, any 
straight line passing through the point will divide the circles 
into segments, capable of containing equal angles. 

Ex. 2. Given a side of a triangle, its vertical angle, 
and the radius of the circumscribing circle : construct the 
triangle. 

Ex. 3. Given the base, vertical angle, and the perpen- 
dicalar from the extremity of tihe\)daQ OTi^}cl<^<^^'^'^^^c^^ 
ooDstract the triangle. 
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Proposition XXXY. Theorem. 
Jf two chords in a circle ctU one another, the rectanff^ 
contained by the segments of one qf them, is equal to ih^ 
rectangle contained by the segments qfthe other. 




Let the chords AC, BD in the ABCD, intersect in 

the pt P. . 

Then must rect. AP, TQ=rect. BP, PD. 

From O, the centre, draw OM, ON ±s to AC, BD, 

and join OA, OB, OP. 

Then v ACib divided equally in M and unequally in P, 

/. rect AP, PC with sq. on MP=6q. on AM. IL 6. 

Adding to each the sq. on MO, 

rect AP, PC with sqq. on MP, MO=uqq, on AM, MO ; 

.•. rect AP, PC with sq. on 0P= aq, on OA. L 47. 

In the same way it may be shewn that 

rect BP, PD with sq. on OP=sq. on OR 

Then •/ sq. on O^^sq. on OB, 

.\ rect AP, PC with sq. on OP=rect BP, PD with 

sq. on OP ; 

:. rect AP, PC7= rect. BP, PD. 

Ex. 1. .^1 and B are fixed points, and two circles are 
described passing through them; PCQ, PCQf are chords 
of these circles intersecting in (7, a point in AB ; shew that 
the rectangle CP, CQ is equal to the rectangle (7P, CQ/ 

Ex. 2. If through any point in the common chord of two 
circles, which intersect one another, there be drawn any two 
o^Aer chorda, one in each circle, their io\ii oxXxcsisi^db^ «S;kaU 
MUliein the circmnfereuco of a circle. 
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PaoposiTiov XXXVL Thkobix. 

Ify firom any point without a eirels, two ttraight linet 
le drawn, one qf which cuts the circle, and the other touchee 
it; the rectangle contained by the whole line which cute the 
cirde^ and the part qf it without the circle, muit be equal to 
^ iquare on the line which touchee it. 




Let 2> be any pt. without the ABC, 
and let the si lines DBA, DC be drawn to cat and 
touch the 0. 

Thenmuttrect. ADfDB =tq. on DC. 
From O, the centre, draw OM x to AB, 
and join OB, OC, OD. 
Then v AB is bisected in Jf and produced to D, 
•*• rect AD, DB with sq. on MB =aq, on MD. n. 6. 
Adding to each the sq. on MO, 
rect AD, DB with sqq. on MB, ifO=sqq. on MD, MO, 
Now the angles at M and C are rt. z s ; iil 3 and 17. 
/. rect. AD, DB with sq. on 0B=8q. on OD; 
.'. rect. AD, DB with sq. on 05= sqq. on OC, DC. L 47. 
And sq. on 0-5 =sq. on OC; 
/. rect. AD, DB =sq. on DC. 

Q.E.D. 

Ex. 1. Two circles intersect in A and B ; shew that AB 
produced bisects their common tangent 

Ex. 2. If the circle, inscribed in a triangle ABC, touch 
J^Oin D, the circles described a\>owl ABB^ AOB "^-^Xi^s^^^ 
aach other. 
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Proposition XXX VIL Theobem. 

Xf^ from a point withoiU a circle there be dravm tu 
tlraight lines, one qf tchich cuts the circle, and the othe 
meets it ; if the rectangle contained by the whole line tohic. 
cuts the circlCj and the part qfit withotU the circle^ be equa 
to the square of the line which meets it, the line which meeC^ 
must touch the circle* 




Let ^ be a pi without the © BCD, of which O is the centre. 
From A let two st lines ACD, AB be drawn, of which 
ACD cats the and AB meets it 

Then ifrecL DA, AQ=sq. on AB, AB must touch the 0. 
Draw AE touching the in ^, and jom OB, OA, OK 
Then v ACD cuts the 0, and AE touches ii^ 

/. rect DAy AC=sq, on AE. in. 3& 

Butrect 2>-4,^(7=sq. on^^; Hyp. 

.'. sq. on AB=aq. on AE; 
.-. AB=AE. 
Then in the as OAB, OAE, 
V OB=OE, and OA is common, and AB=AJB, 

.'. iABO= lAEO. lC. 

But z^i^C^isart z; 
.•. z^JJOisart /. 
Now BO, if produced, is a diameter of the "0; 

.*. AB touches the 0. m. 16. 

Q.B.I>. 

Ex. If two circles cut each other, and from any point 
^bestrsdgbt line produced, which 30in& ^ea mVAxanc^asu^ 
tiUfgenia be drawn, one to each circle, tibe^ l^baSV^)A onpaX. 
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Miscellaneous Exercises on Book III* 

1. The segments into which a circle is cut by any straight 
line, contain angles whose difiference is equal to the inclina- 
tion to each other of the straight lines touching the circle at 
the extremities of the straight line which divides the circle. 

2. If from the point in which a number of circles touch 
each other, a straight line be drawn cutting all the circles, 
shew that the lines which join the points of intersection in 
each circle with its centre will be all parallel. 

3. From a point Q in a circle, QN is drawn perpendicular 
to a chord PP', and QM perpendicular to the tangent at P: 
shew that the triangles NQR, QPM are equiangular. 

4. If a circle be described round the triangle ABC^ and 
a straight line be drawn bisecting the angle BAG and cutting 
the circle in D, shew that the angle DOB will equal half the 
angle BAG. 

5. One angle of a quadrilateral figure inscribed in a circle 
is a right angle, and from the centre of the circle perpendicu- 
lars are drawn to the sides, shew that the sum of their squares 
is equal to twice the square of the radius. 

6. ^^ is the diameter of a semicircle, D and E any two 
points on its circumference. Shew that if the chords joining 
A and B with D and E, either way, intersect in Pand G^ the 
tangents at D and E meet in the middle point of the line FG, 
and that FG produced is at right angles to AB, 

7. If a straight line in a circle not passing through the 
centre be bisected by another and this by a third and so on, 
proye that the points of bisection continually approach the 
centre of the circle. 

8. If a circle be described passing through the opposite 
angles of a parallelogram, and cutting the four sides, and the 
points of intersection joined so as to form a hexagon, the 
straight lines thus drawn shall be parallel to each other. 

9. If two circles touch each other externally and any 
third circle touch both, prove that the difference of the di&- 

aa II. "^^ 
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tances of the centre of the third circle from the centres of tU^ 
other two is invariable. 

* 

10. Draw two concentric circles, such that those chords €>^ 
the outer circle, which touch the inner, may equal its 
meter. 



11. If the sides of a quadrilateral inscribed in a circle 
bisected and the middle points of adjacent sides joined, tk^ 
circles described about the triangles thus formed are all eqi 
and all touch the original circle. 

12. Draw a tangent to a circle which shall be paralld 
a given finite straight line. 

13. Describe a circle, which shall have a given radius, and 
its centre in a given straight line, and shall also touch another 
straight line, inclined at a given angle to the former. 

14. Find a point in the diameter produced of a given 
circle, from which, if a tangent be drawn to the circle, it shall 
be equal to a given straight line. 

15. Two equal circles intersect in the points A^ By and 
through B a straight line CBM is drawn cutting them again 
in (7, M. Shew that if with centre C and radius BM^k circle 
be described, it will cut the circle ABC in a point L such that 
arc AL^ bxcAB. 

Shew also that LB is the tangent at B, 

16. ^^ is any chord and AGs, tangent to a circle at A ; 
ODE a line cutting the circle in 2> and £ and parallel to AB. 
Shew that the triangle ACD is equiangular to the triangle 
EAB, 

17. Two equal circles cut one another in the points Ay B ; 
BC is a chord equal to AB ; shew that AC is A tangent to the 
other circle. 

18. In any two circles, which cut one another, the straight 
line joining the extremities of any two parallel radii cuts the 
line joining the centres in the same point. 

J A ^, B are two points; with centra B ^^^cr^i^ ^ <&NXa^ 
encb that its tangent from A shall bo eqyiaV \» ^ ®Neii\\saa, 



MISCELLANEOUS EXERCISES. 17 1 



20. If perpendiculars be dropped from the angular points 
of a triangle on the opposite sides, shew that the sum of the 
squares of the sides of the triangle is equal to twice the sum 
of the rectangles contained by the perpendiculars and that 
part of each intercepted between the angles of the triangles 
aud the point of intersection of the perpendiculars. 

21. When two circles intersect, their common chord bisects 
their common tangent. 

22. Two circles intersect in A and B, Two points C and 
2^ are taken on one of the circles ; CAy CB meet the other 
circle in E, F, and DA.DB meet it'mG,H\ shew that FG is 
parallel to EH, and ^^to EQ. 

23. A and B are fixed points, and two circles are described 
passing through them; (7P, CP' are drawn from a point C on 
AB produced, to touch the circles in P, P'; shew that 
CP^CP'. 

24. From each angular point of a triangle a perpendicular 
is let fall upon the opposite side ; prove that the rectangles, 
contained by the segments into which each perpendicular is 
diyided by l^e point of intersection of the three, are equal to 
each other. 

25. If from a point without a circle two equal straight 
lines be drawn to the circumference and produced, shew that 
they will be at the same distance from the centre. 

26. Let 0, (y be the centres of two circles which cut each 
other in A^ A\ Let B,B ho two points, taken one on each 
circumference. Let (7, (7 be the centres of the circles BAB, 
BA'R. Then prove that the angle CBC is equal to the angle 
OA'a. 

27. The common chord of two circles is produced to any 
point P; PA touches one of the circles in A\ PBC is any 
chord of the other: shew that the circle which passes through 
A, By C touches the circle to which PA is a tangent. 

28. Given the base of a triangle, the vertical angle, and 
the length of the line drawn from the vertex to the middle 
point of the base : construct the triangle. 

29. If a circle be described a\>ou\. \Xiek Xinscck^^ A^C^'s:^^ 
a straight line he drawn bisecting tYi© ao^e^ B AC «5A <s^Jis^^»!i, 
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the drcle in 2>, shew that the angle DGB will be equal to half 
the angle BAG, 

30. If the line AD bisect the angle A in the triangle ABC^ 
and BD be drawn without the triangle making an angle with 
BG equal to half the angle BAG^ shew that a circle may be 
described about ABGD, 

31. Two equal circles intersect in -4, B\ PQT perpen- 
dicular to AB meets it in T and the circles in P, Q. AP, 
BQ meet in R\ AQ, BP in S\ prove that the angle RT8 is 
bisected by TP. 

32. If the angle contained by any side of a quadrilateral 
and the adjacent side produced be equal to the opposite 
angle of the quadrilateral, prove that any side of the qua- 
drilateral will subtend equal angles at the opposite angles of 
the quadrilateral 

33. If DE be drawn parallel to the base BG of a triangle 
ABGy prove that the circles described about the triangles 
ABG and ADE have a common tangent at A. 

34. Describe a square equal to the difference of two 
given squares. 

35. If tangents be drawn to a circle from any point with- 
out it, and a third line be drawn between the point and the 
centre of the circle, touching the circle, the perimeter of the 
triangle formed by the three tangents will be the same for all 
positions of the third point of contact. 

36. If on the sides of any triangle as chords, circles be 
described, of which the segments external to the triangle 
contain angles respectively equal to the angles of a given 
triangle, those circles will intersect in a point. 

37. Prove that if ABG be a triangle inscribed in a circle, 
such that ^^ =BG, and -4^' be drawn parallel to BG, meeting 
the circle again in A', and A'B be joined cutting AG in E, 
BA touches the circle described about the triangle AEA\ 

38. Describe a circle, cutting the sides of a given square, 
so that its circumference may be divided at the points of 
intersection into eight equal arcs. 
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39. ^ is the extremity of the diameter of a circle, any 
KHnt m the diameter. The chord which is bisected at 
nbtendB a greater or less angle at A than any other chord 
hrongh 0, according as and A are on the same or opposite 
of the centre. 



40. ^ew that the square on the tangent drawn from any 
oint in the outer of two concentric circles to the inner 
qoalfl the difference of the squares on the tangents, dravm 
^m any pointy without both circles, to the circles. 

41. If from a point without a circle, two tangents PT 
^T^ at right angles to one another, be drawn to touch the 
rcle, and if from T any chord TQ be drawn, and from T 
perpendicular T M be dropped on TQ, then TM= QM. 

42. Find the loci: 

(1) Of the centres of circles passing through two given 
ints. 

(2) Of the middle points of a system of parallel chords 
a circle. 

(3) Of points such that the difference of the distances of 
;h from two given straight lines is equal to a given straight 

9. 

(4) Of the centres of circles touching a given line in a 
en point 

(5) Of the middle points of chords in a circle that pass 
ough a given point. 

(6) Of the centres of circles of given radius which touch 
iven circle. 

(7) Of the middle points of chords of equal length in a 
lie, 

(8) Of the middle points of the straight lines drawn from 
iven point to meet the circumference of a given circle. 

43. If the base and vertical angle of a triangle be given, 
1 the locus of the vertex. 

44, A straight line remains parallel to itself while one of 
extremities describes a circle, WlMiti ia the locus of the 
r extremity ? 
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45. A ladder slips down between a vertical wall and a 
horizontal plane : what is the locus of its middle point ? 

46. AB\% the diameter of a circle ; ACD is a chord pro- 
duced to Z>, so that A C= CD. Find the locus of the point in 
which BG and the line joining D to the centre intersect. 

47. ABC is a line drawn from a point -4, without a 
circle, to meet the circumference in J9 and C, Tangents are 
drawn to the circle at B and C which meet in Z>. What is the 
locus of Z> 1 

48. Two circles intersect in the points A,B; any straight 
line CDEF is drawn cutting the circles in (7, D,E^F; prove' 
that AC intersects BD and AE intersects BF in points which, 
lie on a circle passing through A and B, 

49. The angular points A, C of b. parallelogram ABCD 
move on two fixed straight lines OA, OC, whose inclination 
is equal to the angle BCD ; shew that the points J9, D will 
move on two fixed straight lines passing through O. 

60. On the line AB is described the segment of a circle, 
in the circumference of which any point G is taken It AC^ 
^(7 be joined, and a point P taken in ^(7 so that CPis equal 
to GB, find the locus of P, 

61. Find the locus of the centre of the circles circum- 
scribing two trapeziums into which a parallelogram is divided 
by any line equal to one of its shorter sides. 

62. If a parallelogram be described having the diameter 
of a given circle for one of its sides, and the intersection of its 
diagonals on the circumference, shew that the extremity of 
each of the diagonals moves on the circumference of another 
circle of double the diameter of the first. 

63. One diagonal of a quadrilateral inscribed in a circle 
is fixed, and the other of constant length. Show that the sides 
will meet if produced on the circumference of a fixed circla 
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BOOK IV. 



INTRODUCTORY REMARKS. 

Euclid gives in this Book of the Elements a series 
of Problems relating to cases in which circles may be 
^©Scribed in or about triaDgles, squares, and regular 
polygons, and of the last-mentioned he treats of three 

Ollly: 

the Pentagon, or figure of 5 sides, 
„ Hexagon, „ 6 „ 

„ Quindecagon „ 15 „ , 

The student will find it useful to remember the 
following Theorems, which are established and applied in 
the proofs of the Propositions in this Book. 

I. The bisectors of the angles of a triangle, square, 
or regular polygon meet in a point, which is the centre 
of the inscribed circle. 

II. The perpendiculars drawn from the middle 
points of the sides of a triangle, square, or regular polygon 
meet in a point, which is the centre of the circumscribed 
circle. 

III. In the case of a square, or regular polygon the 
inscribed and circumscribed circles have a common centre. 

rV. If the circuniference of a circle be divided int<y 
any number of equal parts, the chords joining each pair 
of consecutive points form a regular figure inscribed in 
the circle^ and the tangents drawn t\\xa\sj^ -^^b ^'Jixsika. 
form & regular figure described a\>o\3L\i Vl^'^ civt^^* 
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PBOPOfsmoH L Pboblex. 

In a giten circle to place a straight line equal to a git 
straight line^ which is not greater than the diameter qf i 
circle. 




Let ABC be the given 0, and D the given line, not 
greater than the diameter of the 0. 

It is required to place in the ABC a st. line = B. 

Draw EC, a diameter of ABC. 

Then ilEC=D^ what was required is done. 

But if not^^C is greater than/). From .S^ cat off J?^=Z>, 
and with centre E and radius EF describe a AFB, catting 
the ®ABCm A and jS; and join AK 

Then, V J? is the centre of AFB, 
.\EA=EFy 
and/. ^^=2). 
Thus a si line EA equal to D has been placed in ABC. 

Q.S.F. 

Ek, Draw the diameter of a drde, wYoidki iSbsSi ^^qaa ^ 
freo distaDce from a, given point. 
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Psoposinoir IL Pkoblbm. 

In a given eirde to inscribe a triangle, equiangular to a 
given triangle. 




Let ABC be the given 0, and DEF the given A . 

It is required to inscribe in ABC a a , equiangular 
to A DBF. 

Draw G^^^ touching the ABC2X the pt. A, 

Make z GAB= i DFE, and i HAC= l DEF. 

Join BC. Then will a ABC be the required A . 

For *.* GAH\& a tangent, and AB a chord of the 0, 

.-. L ACB= I GAB, in. 32. 

that is, lACB= lDFE, 

So also, lABG= LHACy iil 32. 

that is, L ABC=^ i DEF ; 

.'.remaining z^^ (7= remaining lEDF\ 

.*. A ABC is equiangular to A DEF, and it is inscribed 
in the ABC. q. e. f. 

Ex. If an equilateral triangle be inscribed in a circle, 
-prove that the radii, drawn to t»\iQ BiXL<g<;]\»x ^Ss^^Vipfij^fi^'Vls^ 
angles of the triangle. 
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pKOPOsinoir III. Problem. 

About a given circle to describe a triangle, equiangvl 
to a given triangle. 





Jff €1- JSS 



Let ABC be the given 0, and DEF the given A . 

It is required to describe cibout the a a , equiangtu 
to A BDF. 

From 0, the centre of the 0, draw any radius OC. 

Produce EF to the pts. 6?, H. 

Make lAOC= lDEG, anc^ lBOC= iDFH. 

Through ^, B, C draw tangents to the , meeting in Z, 3f, 

Then will LMNhe the a required. 

For •/ ML, LN, NMbtq tangents to the ©, 

.*. the isBt A, B,C are rt. z s. nr. 

Now z s of quadrilateral AOCM together = four rt / 

and of these z 0AM and z OCM are rt z s; 

.*. sum of z s AOC, AMG= two rt. z s. 

But sum of z 8 £>EG, DEF=two rt z s ; L 

/. sum of z s AGO, AMC=8nm of z s DEG, DEF, 

and z AGO- z DEG^ by construction; 

.-. z AMC= L DEF, 

that is, z LMN= z DEF. 

Similarly, it may be shewn that z LNM- z DFE\ 

.-. also z MLN= z EDF. 

naa A A, equiangular to a DEF, \a doacr^)^ ^ 
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Proposition 17. Pboblem. 
To ingcribe a circle in a gwen triangle. 




B la G 

Let ABC be the given A . 
It 18 required to inscribe a © in the a ABC. 
bisect L8 ABCy ACE by the st lines BO, CO, 
"^^ting in O. 

From O draw OD, OE, OF, ±8 to AB, BC, CA. 
Then, in A s EBO, DBO, 
V lEB0= lDBO, and lBEO= iBDO, and OB is 

^lumon, 

.-. 0E= OD, I. 26. 

Similarly it may be shewn that OE— OF. 

If then a be described, with centre Oy and radius OD, 

^his © will pass through the pts. D, E, F; 

and '.' the iBB.tD,E and jP are rt z s, 
.'. AB, BC, CA are tangents to the © j in. 16, 
and thus a © DEF may be inscribed in the a ABC. 

Q. E. F. 

Ex. 1. Shew that, if OA be drawn, it will bisect the 
2Lng\e BAC 

Ex. 2. If a circle be inscribed in a right-angled triangle, 
the difference between the hypotenuse and the sum of the 
other sides is equal to the diameter of the circle. 

Ex S, Shew that, in an equilateral triangle, the centre 
of the inscribed circle is equidistant from the three angular 
points. 

Ex. 4 Describe a circle, touching one side of a triangle 
and the other two produced. (JJo\i&. Wsca S& ^"^^^ ^a^ 
escribed circle^ 
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Note. Euclid's fifth Proposition of this Book has 1 
already given on page 15. 



Proposition VL Peoblem. 



To inscribe a sqiiare in a given circle. 




Let ABCD be the given ©. 

It is required to inscribe a sqtmre in the ©. 

Through 0, the centre, draw the diameters AC, BD^ . 
each other. 

Join AB, BO, CD, DA. 
Then *.* the z s at (9 are all equal, being rt i s, 

.*. the arcs AB, BC, CD, DA are all equal, ni 
and .*. the chords AB, BC, CD, DA are all equal ; ni 
and z ABC, being the z in a semicircle, is a rt z . iii 
So also the z s BCD, CD A, DAB are rt. z s ; 

/. ABCD is a square, 
and it ia inscribed in the aa Yf sa T^cvvnx^^ q 
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Proposition VII. Problem. 
To describe a square about a given circle. 




^- 



Let ABCD be the given ©, of which is the centre. 
It is required to describe a square about the 0. 
Draw the diameters AC, BD, ± to each other. 
Through A, B, C D draw EF, FG, Off, HE touching 

Then the z s at ^, ^> (7, Z> are rt z s. ni. 16. 

Now V the 1 8 a,t Ay 0,C are all rt. z s, 

.-. FE, BD, and GHare all ||; i. 27. 

and '.' the z s at ^, O, Z> are all rt z s, 
,\ FGy AC, and ^^ are all |1; 
/. ^^and GHesMh =BD, i 34. 

and FG and EH each =AC, i. 34. 

And V BD=AC, 
.-. FE, GH, FG, EH are all equal. 
Again, *.• FO is a O, 
.-. iAFB= lAOB, 1.34. 

and .*. z AFB is a rt. z , 
So also the i.s&tG,H and E are rt. z s. 
Hence EFGH is a square, and it is described about the . 

Q. E. F. 

Ex. In a given circle inscribe four circle^^ eo^^ tA ^5^\a. 
other, and in mutual contact mt\i ^w^ oXJaRit «sA. ^-^i^ ^^^^ 
^Ven circle. 
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PsoposiTio^r YIIL Pkoblex. 
To inMcHbe a cirde in a given square. 




Let A BCD be the giyen square. 

It is required to inscribe a in the square. 

Bisect ABy AD in Ey F^ 

and draw EG ; to AD or BC, and Fff . to AB or DC 

Let £6? and /!£r intersect in O. 

Then / AG is a O, 

/. 0£= FA and OF=£A, i. 

But V AB=AD, sjkdE,Faie the middle pts. of AB,^ 

.\FA=EA, 

and /. 0J^= Oi!'. 

Similariy, it may be shewn that 0G= OF, and 0H= 0. 

and /. OE, OF, OG, O^^areall equal ; 

and a 0, described with centre O and radius OE, 

will pass through E, F, G, H, 

and it will be touched by each of the sides of the squar 

V the z 8 at -^, -F, G, -ff are rt z s. in. 

Thus a EFGHmSk^ be described in the sq. ABCD, 

Q. ] 
Ex. 1. In what parallelograms can drdes be inscribed 

Ex. 2. I^ from any point in the circumference of a cii 
straight lines be drawn to the angular points of the inscri 
sqaare, the sum of the squares on \3iieae ioiux ^m«& ^vnK 
double oftbesqaare on the diameter. 
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PROPOSiTioir IX. Problem. 
To describe a circle about a given square. 




Let ABCD be the given square. 

It is required to describe a about the square. 

Draw the diagonals AC^ BD, intersecting each other in 0. 

Then '.• i DAC= lACD, i. A. 

and L BAC= alternate z ACD^ I. 29. 

.-. iDAC=^ lBAC. 

Thus the diagonal ^C7 bisects l BADt 

and .*. L OAB= half a rt. z . 

Similarly it may be shewn that z OB A = half a rt. z ; 

.\ iOAB= lOBAi 

:. OA = OB. L B. Cor. 

Similarly it may be shewn that 0C= OB, and OD=OA \ 

:. OA, OB, OCy Oi> are all equal; 

and .*. a 0, described with centre and radius OA, will pass 
through A, B, (7, i>, and will be d^wsnJo^ ^iSwsvs^ "^4 ^q^j^ssx^*^^ 
as wBs rerjuired, <^^.^' 
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PsoPosiTiosr X Problem. 
To describe an isosceles triangle^ having each of the angles 

at the base douible qftlie third angle. 




Take any at. line ^^ and divide it in O, 

so that rect. AB, BC =aq. on AC. n. 11. 

With centre A and radius AB describe the © BDEy 

and in it place the st. line BD=AC; and join AD, 

Then tmll a ABD have each qf the is at the base double 
of L BAD. 

Join CD^ and about the t^ACD describe the © ACD. 

Then v rect AB, BC^ sq. on AC, and BD=AC, 
:, rect. AB, BC= sq. on BD, 
and .-. BD touches the © ACD. m. 37. 

Then *.• BD touches © ACD, and DC is a chord of the ®, 

.-. z BDC= L CAD. ni. 32. 

Add to each l CD A. 
Then l BDA= sum of z s CAD, CDA, 

:. L BDA = L BCD. I. 32. 

But L BDA= L CBD\ i. A. 

.-. lBCD=^ lCBD, 
2J\^:,BD = CD. 
B\3LiBD=CA'y 
:,CA = CD, 
and .*. z CDA = z CAD. 
Hence sum of z s CDA, CAD= twice z CAD, 

.-. z BCD= twice z BAD. i. 32. 

But z ABD and z ADB are each = z J5C72>, 
. : zABD and z -42>5 are eacYi = tmc© l BAD \ 
and tbua an isosceles A ABD \iaa \>ee>ii deacr^^^^^ 
qvired, ci.^,^ 
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Peoposition XI. Pboblem. 
To inscribe a regular penUjigon in a given circle. 




Let ABODE be the given ©. 

It is required to inscribe a regular pentagon in the 0. 

Make an isosceles a FGH, having each of the Ls&t G,H 
doable of i at F, 
In © ABODE inscribe sl aAOD equiangular to A FGH, iv. 2. 

having z s at -4, 2>, (7 = the z s at F, G, H, respectively. 

Then i ADO=tmce i DAG, and i AOD =tynce l DAO, 

Bisect the z s ADO, AOD by the chords DB, OE. 
Jom AB, BO, OD, DE, EA. 
Then will ABODE be a regular pentagon. 
For •.• z s ADO, AOD are each = twice i DAO, 
and z s ADO, AOD are bisected by DB, OE, 
.-. z s ADB, BDO, DAO, EOD, AOE, are all equal ; 
and .-. arcs AB, BO, OD, DE, EA are all equal ; iii. 26. 
and .*. chords AB, BO, OD, DE, EA are all equal in. 29. 
Hence, the pentagon ABODE is equilateral 
Again, *.• arc OD=arc AB^ 
adding to each arc A ED, we have 
arc AEDO=wc BAED, 
and .-. z ABO= L BOD, iii. 27. 

Shnilarly, z s ODE, DEA, EAB each = z ABO, 

Hence, the pentagon ABODE is equiangular. 
Thus a regular pentagon has been inscribed in the 0. 

<\,^, ^» 
Ex, Shew that OE is parallel to B A. 

8,11, IL . S^ 
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PBOPOSinoir XII. Phoblem. 



To describe a re^ar pentagon about a given circle. 




Let ABCDJEhe ihe given 0, 
It is required to describe a regular pentagon dbc/vt ihe 0. 

Let the angular pts* of a pentagon inscribed in the be 
at Ay B, Cy D, B, 

so that arcs AS, BCy CD, DE, ^^ are all eqxia]. 

nirongh A, B, C, D, E draw QH, HK, KL, LM^ MO 
tangents to the ; 

ind the centre 0, and join OB^ OK^ OC^ OL, OD. 

Then in as OBK^ OCK, 

V OB^OC, and OJTis common, imd KB=KC, 

HL 37, Cor. 

/• I BKO= I CKO, and l B0K= l €0K, 

that 13, zj9JrO=tmoe iCKOydsA z.BOC= twice iCOIT. 

Bo Also, z I>ZC=tmoe I CL0y9xA tDOC=\.^cft lCOI., 
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■ ■ ■ ' ' I ■ ■ 

Now •/ arc BC= arc CD, 

/. L BOC= L DOC, 

and .-. L COK= l COL. 

Hence in as OCK, OCL, 

•/ I COK= L COL, and rt. z OCK=rt. l OCL, and 0(7 is 
common, 

/. I CKO = I CLOy and CK= CL, i. B. 

and /. L HKL= i MLK, and ^X=twice KC. 

Similarly it may be shewn that l s KHQ, HOM, QML 
eack=iHKL, 

.\ the x>entagon OHKLM\& eqmangnlar. 

And since it has been shewn that JTX = twice KC, 

and it can be shewn that HK= twice KB, 

Ka^':KB=^KC, 

•*• SK=^KL» 

In like manner it may be shewn that HG, GM, ML, 
each=Jr(7, 

/. the pentagon GHKLM\% eqnilateraL 
Thus a regular poitagon has been described about the 0. 

Q. E. F, 



vt—a 
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Pboposition XIII. Problem. 
To inscribe a circle in a given regular pentagon. 




Let ABODE be the given regular pentagon. 

It is required to inscribe a in the pentagon. 

Bisect 1 8 BCD, CDEhy the st. lines CO, DO, meeting in 

* Join OB, OA, OE. 
Then, in a s BOO, DCO, 
••• BC=DC, and CO is common, and z BCO= l DCO, 

.-. L OBC= I ODG. L 

Then, / z ABC= l CDE, Hj 

and I CDE=iYnce l ODC, 

:. L ABC=^tmce l OBG. 

Hence OB bisects i ABC 

In the same way we can shew that OA, OE bisect 

the AsBAE,AED. 
From O draw OF, OG, Oil, OK, OZ x to AB, BC, C 
DE EA 

Hhen, in A 8 GOC, HOC, 

\' L GCO = L HCO, and z OGC= z OHC, 

and OC is common, 

.\OG=OH. I.! 

So also it may be shewn that OF, OL, OK are 

each = 06?or O^; 

.-. OF, OG, OH, OK, OL are all equal. 

Hence a © described with centre O and radius OF 

will pass through G, H, K, Z, 

and will touch the sides of the pentagon, 

•.• the z s at -F, G, H, K", L axe tV.. l ^. 

. Tbua a © will be inscribed ixx t\ie penXa^oxu ^ 
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PaoposmoN XIV. Pboblbm. 
To describe a circle about a given regiUar pentagon. 




Let Ji?(7i>J^ be the gi^en regular pentagon. 

It is required to describe a aboiU ths pentagon. 

Bisect the / s BCD, CDE\>jthA st. lines CO, DO, meeting 
in o. 

Join OB, OA, OF. 
Then it may be shewn, as in the preceding proposition, 

OB, OA, OE bisect the t a CBA, BAE, AED. 

kxA: lBCD^ lCDE, 

and L OCD=half l BCD, and l 02>(7=half l CDE, 

:. L OCD^ L ODC, 

and.-. OD^OC. 

In the same way we may shew that OB, OA, OE 

eajch = OD or OC; 

,'. OA, OB, 00, OD, OE are all equal, 

and a described with centre and radius OA will pass 
through B, C, D, E, 



and will be described about \i\iQ i^^%<2ii!L. 



^."^^^ 
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PbOPOSEFIOK XV. PltOBLElC. 

To imeribe a regular hexagon in a given circle. 




Let ABCDEFhQ tiie given 0, of which Ois the centre. 

It is required to inscribe a regular hexagon in the 0. 

Draw the diameter ADD, 

and with c^tre D and radius DO describe a EOCO, 

Join EOj CO^ and produce them to B and F, 

Join AB, BG, CD, DE, EF, FA. 

Then v O is the centre of © ACE, .'. OE=OD ; 

and •/ D is the centre of © GCE, /. OD^DB; 

.'. OED is an equilateral a , 

and .'. I EOD=the third part of two rt z s. . i. 32. 

So also z 2)0(7= the third pscrt of two rt z s, 

and .'. z BOC=ihe third part (^ two rt z s. L 13. 

Thus z s EOD, DOC, BOC are all equal ; 

and to these the yertically opposite z s BOA, AOF, FOE 

are equal ; 1. 15. 

.-. ibAOB, BOCy COD, DOE, EOF, FOA are all equal, 

and .-. arcs AB, BC, CD, DE, EF, FA are all equal ; 

in* 26. 

and .-. chords AB, BC, CD, DE, EF, J!4 are all equal 

III.29. 
Thus the hexagon ABCDEFu equilateral. 

Also V each of its z s=two-third8 of two rt. z s, 

.*. the hexagon ABCDEFis equiangular. 

Thus a regular hexagon has been inacTib^ m \S\<& <^ . 
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?BOPOSinoN XVL Pboblbm. 
To (nscrihe a regular quindeccigon in a given circle. 




Let ABO he the given 0. 

li i$ required to inscribe in the a regtUar quin- 
dteagon. 

Let AB be the side of an equilateral a inscribed in the 
©, IT. 2. 

and AD the side of a regnlar pentagon inscribed in the 
©. IV. 11. 

Then oi snch eqnal pari» as the whole Ooe ABCcontaAns 
fifteen, 

arc ADB most contain three, 

and arc AD must contain five, 

and .*. arc DB, their difference, must contain two. 

Bisect arc DB iaE, m. 30. 

Then arcs DE, EB are each the fifteenth part of the 
whole Oce* 

If then chords, DE, EB be drawn, 

and chords equal to them be placed all round the Ooe, 

IV. 1. 



a negnlar qoindecagon wQl ^>e VnsMScS^^Vsv^^ ^ 
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9l LHcribe a circle m a sn«a 



IOl ABC B aoa cqaabxenl tiiufegle ai e rib e i in a circle 
to the orde at A and B mecc in Jf. Sliew that 
dian fe» M biRds ^e angle AMB^ and i 
itadf trieectcd by tbe ciRmnferenccL 

IL Compare the areas of tmo regnbr hexagons, <» 
insmhrd in, the other described about, a giren cirde. 

13L Inscribe a square in a given semiciide. 

\% A cirde being gir^i, describe six otiier cirdes, eao 
4ff ihemeqwd to i^ and in ooataciiniAkeadkLfAhta^andwii 
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14. Given the angles of a triangle, and the perpcndicalarA 
from any point on the three sides, construct the triangle. 

15. Having given the radius of a circle, determine its 
centre, when the cirde touches two given linos, which are 
not parallel. 

16. If the distance between the centres of two circles, 
which cut one another at right angles, is equal to twice one 
of the radii, the common chord is the side of the regular 
hexagon, inscribed in one of the circles, and the side of the 
equilateral triangle, inscribed in the other. 

17. Construct a square, having given the sum, or the 
difference of the diagonal and the side. 

18. If from 0, the centre of the circle inscribed in a 
triangle ABC^ OD, OE, OF be drawn perpendicular to the 
sides BCf CA, AB, respectively, and from any point P in 
OJP, drawn parallel to ABy perpendiculars PQ, PR be drawn 
npon OD and OE respectively, or these produced, shew that 
the triangle QEO is equiangular to the triangle ABC, 
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QvBsnoxB iriamg oui cf the Prapositimii to ubidi tbof 
an mttadied, hare beea proposed in the Sodid Papers to 
Candidates for Mathematical Honors sinoe the year 184a 

A complete set of these qnestions^ so fiv as th^ refer to 
Bocka I — lY, is here giren. The figures preoeding each qaes- 
tioB denote ihe particolar Proposition towfaidi the question 
wasattedied. It is expected that the sototion of eadiqnes- 
tion is to be obtained mainly by nsing the Prc^nsition which 
precedes it, and that no Propositioa wfaidi comes later in 
Endi^s order shoold be assomed. 

Of some of the questions h^re giren we have already made 
use in the preceding pages. As examjdes, howeyer, of what 
has been hitherto expected of Candidates for Honors, and in 
order to keep the series of Papers comjdete, we have not 
hesitated to repeat them. 

EueUd Papers set in the MdthemaHcal Tripoe. 

184a L 0. How does it appear that the two triangles are 

eqaiangalar and equal to each other ? 

L 34. If the two diagonals be dra¥m, shew that a 
parallelogram will be divided into four equal 
parts. In what case wiU the diagonal bisect 
the angle of a parallelogram ? 

m. 15. Shew that all equal straight lines in a circle 
will be touched by another circle. 

m. 20. If two straight lines AEB, CED in a circle 
intersect in E, the angles subtended by^C 
and BD at the centre ucq \A^X)ti<est ^<era3cA& ot 
the angle AEG. 
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.849. L 1. By a method similar to that used in this problem, 

describe on a given finite straight line an 
isosceles triangle, the sides of which shall be 
each equal to twice the base. 

n. 11. Shew that in Euclid's figure four other lines, 
beside the given line, are divided in the re- 
quired manner. 

IT. 4. Describe a circle touching one side of a triangle 
and the produced parts of the other two. 

850. L 34. If the opposite sides, or the opposite angles, 

of any quadrilateral figure be equal, or if its 
diagonals bisect each other, the quadrilateral 
is a parallelogram. 

n. 14. Given a square, and one side of a rectangle 
which is equal to the square, find the other 
side. 

m. 31. The greatest rectangle that can be inscribed 
in a circle is a square. 

nL 34. Divide a circle into two segments such that 
the angle in one of them shall be five times 
the angle in the other. 

' lY. 1.0. Shew that the base of the triangle is equal to 
the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

851 L 38. Let ABC^ ABD be two equal triangles, upon 

the same base AB and on opposite sides of it : 
join CD, meeting AB in E: shew that CE is 
equal to ED. 

I. 47. If ABChQ a triangle, whose angle A is a right 
angle, and BEj CF be drawn bisecting the 
opposite sides respectively, shew that four 
times the sum of the squares on BE and CF 
is equal to five times the square on BC, 

m. 22. If a polygon of an even number of sides be 
inscribed in a circle, the sum of the alternate 
angles together with two right angles is eq^ual 
to as many Tight ax^^^ %& ^Xi<b ^"^qs^Xa^ 
sides. 
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1851. lY. 16. In a given circle inscribe a triangle, whose 

angles are as the numbers 2, 5 and 8. 

1852. I. 42. Divide a triangle by two straight lines into 

three parts, which when properly arranged 
shall form a parallelogram whose angles are 
of given magnitude. 

n. 12. Triangles are described on the same base and 
having the difference of the squares on the 
other sides constant : shew that the vertex of 
any triangle is in one or other of two fixed 
straight lines. 

lY. 3. Two equilateral triangles are described about 
the same circle : shew that their intersections 
will form a hexagon equilateral, but not gene- 
rally equiangular. 

1853. I. 6. If lines be drawn through the extremities of the 

base of an isosceles triangle, making angles 
with it, on the side remote from the vertex, 
each equal tq one- third of one of the equal 
angles, and meeting the sides produced, prove 
that three of the triangles thus formed are 
isosceles. 

I. 29. Through two given points draw two lines, form- 

ing with a line, given in position, an equilateral 
triaugle. 

II. 11. In the figure, if ^be the point of division of 

the given line AB^ and DA be the side of the 
square which is bisected in E and produced 
to -F, and MDH be produced to meet BF in Z, 
prove that DL is perpendicular to BF, and is 
divided by BE similarly to the given line. 

III. 32. Through a given point without a circle draw 

a chord such that the difference of the angles 
in the two segments, into which it divides the 
circle, may be equal to a given angle. 

ni. 36. From a given point as centre describe a circle 

cutting a given line in two points, so that the 

rectangle contained by their distances from a 

&xed point in the line ma^ \>q oG^aAW^ ^ \5c^^\^ 

square. 



\ 
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1854k I. 43. If iT be thB common angular point of the paral- 
lelograms about the diameter, and BD the 
other diameter, the difference of the paral- 
lelograms is equal to twice the triangle BKD, 

n. 11. Produce a given straight line to a point such 
that the rectangle contained by the whole line 
thus produced and the part produced shall be 
equal to the square on the given straight line. 

m. 22. If the opposite sides of the quadrilateral be 
produced to meet in P, Q, and about the tri- 
angles so formed without the quadrilateral 
circles be described meeting again in R^ shew 
that P, R^ Q will be in one straight line. 

lY. 10. Upon a given straight line, as base, describe 
an isosceles triangle having the third angle 
treble of each of the angles at the base. 

1855. I. 20. Prove that the sum of the distances of any 

point from the three angles of a triangle is 
greater than half the perimeter of the tri- 
angle. 

I. 47. If a line be drawn parallel to the hypotenuse 

of a right-angled triangle, and each of the 
acute angles be joined with the points where 
this line intersects the sides respectively op- 
posite to them, the stiuares on the joining 
lines are together equal to the squares on the 
hypotenuse and on the line drawn parallel 
to it. 

II. 9. Divide a given straight line into two parts, such 

that the square on one of them may be double 
of the square on the other, without employing 
the Sixth Book. 

ni. 27. If any number of triangles, upon the same 
base BC^ and on the same side of it, have 
their vertical angles equal, and perpendiculars 
meeting in Z> be drawn from B^ G upon the 
opposite sides, find the locus of 2>, and shew 
that all the lines ^\i\c\v\A%^<:^\X!ka^XL'^'5k"aT>^ 
pass through the aame i^wxA.. 
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1866. lY. 4. If the circle inscribed in a triangle ABC touch 

the sides ABy AC in the points D, By and a 
straight line be drawn from A to the centre 
of the circle, meeting the circumference in G^ 
shew that G is the centre of the circle in- 
scribed in the triangle ADE, 

1866. L 34. Of all parallelograms, which can be formed 

with diameters of given length, the rhombus 
is the greatest. 

n. 12. If AB, one of the equal sides of an isosceles 
triangle ABC^ be produced beyond the base 
to 2), so that BD=AB, shew that the square 
on CD is equal to the square on AB together 
with twice the square on BC. 

lY. 16. Shew how to derive the hexagon from an equi- 
lateral triangle inscribed in the circle, and 
from this construction shew that the side of 
the hexagon equals the radius of the circle, 
and that the hexagon is double of the tri- 
angle. 

1867. L 36. ABC is an isosceles triangle, of which A is the 

vertex : AB, AC are bisected in D and E 
respectively; BE, CD intersect in F: shew 
that the triangle ADE is equal to three times 
the triangle DEF, 

II. 13. The base of a triangle is given, and is bisected 
by the centre of a given circle, the circum- 
ference of which is the locus of the vertex : 
prove that the sum of the squares on the two 
sides of the triangle is invariable. 

iiL 22. Prove that the sum of the angles in the four 
segments of the circle, exterior to the quadri- 
lateral, is equal to six right angles. 

lY. 4. Circles are inscribed in the two triangles formed 

by drawing a perpendicular from an angle of 

a triangle upon the opposite side, and analo- 

gous circles are deacnbe^ m t^X^qti \a tihe 

two other like perpeoaiAicuAaro •. ^ft^^q^X^osa^^^ 
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sum of the dimneters of the six circles toge- 
ther with the sum of the sides of the original 
triangle is equal to twice the sum of the three 
perpendiculars. 

1858. L 28. Assuming as an axiom that two straight lines 

cannot both be parallel to the same straight 
line, deduce Euclid's sixth postulate as a 
corollary of the proposition referred to. 

n. 7. Produce a given straight line, so that the sum 
of the squares on the given line and the part 
produced may be equal to twice the rectangle 
contained by the whole line thus produced and 
the produced part. 

m. 19, Describe a circle, which shall touch a given 
straight line at a given point and bisect the 
circumference of a given circle. 

1859. I. 41. Trisect a parallelogram by straight lines drawn 

from one of its angular points. 

n. 13. Prove that, in any quadrilateral, the squares 
on the diagonals are together equal to four 
times the sum of the squares on the straight 
lines joining the middle points of opposite 
sides. 

m. 31. Two equal circles toudi each other externally, 
and through the point of contact chords are 
drawn, one to each circle, at right angles to 
each other: prove that the straight line, 
-' joining the other extremities of these chords, 
is equal and parallel to the straight line 
joining the centres of the circles. 

IV. 4. Triangles are constructed on the same base, 
with equal vertical angles: prove that the 
locus of the centres of the escnbed circles, 
each of which touches one of the sides ex- 
ternally and the other side and base produced, 
is an arc of a circle, the centre of which is 
on the circumfereiice ol XJaa <sa<S^^ ^30525253^.- 
scribing the tTiaiigVQ&. 
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1860. I. 3i5. If a straight line DME be drawn through the 

middle point M of the base BC of a triangle 
ABC^ so as to cut off equal parts AD^ AE 
from the sides AB^ ^(7, produced if necessary, 
respectively, then shall BD be equal to CE, 

n. 14. Shew how to construct a rectangle which shall 
be equal to a given square; (1) when the sum, 
and (2) when the difference of two adjacent 
sides is given. 

m. 36. If two chords AB^ ^(7 be drawn from any 
point ^ of a circle, and be produced to D and 
E^ so that the rectangle AC^ AE is equal to 
the rectangle AB^ AD^ then, if O be the 
centre of the circle, ^0 is perpendicular to 
BE, 

IV. 10. If ^ be the vertex, and BD the base of the 
constructed triangle, D being one of the points 
of intersection of the two circles employed in 
the construction, and E the other, and AE 
be drawn meeting BD produced in jP, prove 
that FAB is another isosceles triangle of the 
same kind. 

1861. I. 32. If ABC be a triangle, in which C is a right 

angle, shew how, by means of Book I, to draw 
a straight line parallel to a given straight line 
so as to be terminated by GA and CB and 
bisected by AB, 

IL 13. If ABC be a triangle, in which C is a right 
angle, and DE be drawn from a point D in 
AC [at right angles to AB, prove, without 
using Book III, that the rectangles AB, AE 
and AC, AD will be equal 

m. 32. Two circles intersect in A and B, and CBD is 
drawn perpendicular to ^^ to meet the 
circles in C and D ; if EAF bisect either the 
interior or exterior angle between CA and 
I?^, prove that the tangeiita to the circles at 
^and F intersect in a pomt oil AB \pcQftN>si«^, 



APPENDIX. 20 1 



1661. lY. 4. Describe a circle touchiBg the side BC of the 

triangle ABG^ and the other two sides pro- 
duced, and prove that the distance between 
the points of contact of the side BC with the 
inscribed circle, and the latter circle, is equal 
to the difference between the sides AB and 
AC. 

1662. L 4. Upon the sides AB^ BCy and CD of a paral- 

lelogram ABCDy three equilateral triangles 
are described, that on BC towards the same 
parts as the parallelogram, and those on AB^ 
CD, towards the opposite parts. Prove that 
the distances of the vertices of the triangles 
on ABy CD, from that on BC, are respectively 
equal to the two diagonals of the parallelogram. 

m. 10. Divide a given straight line into two parts, so 
that the squares on the whole line and on one 
of the parts may be together double of the 
square on the other part 

nL 28. A triangle is turned about its vertex, until one 
of the sides intersecting in that vertex is in 
the same straight line as the other previously 
was : prove that the line, joining the vertex 
with the point of intersection of the two 
positions of the base produced if necessary, 
bisects the angle between these two positions. 

rv. 10. Prove that the smaller of the two circles, 
employed in Euclid's construction, is equal to 
the circle described about the required 
triangle. 

863. I. 47. Two triangles ABC, ABC have their sides 

respectively parallel. BBx, CCx are drawn 
perpendicular to BC ; CC^^ AA^ to CA' ; and 
AA^, BB^ to A'B. Prove that the sum of 
the squares on AB^, BC^, CAz together, is 
equal to the sum of those on ACi, BA^, CB^ 
together. 

u. JJ. Divide a giveii Btra\^\\^ \«i^ \s^^ft "^^^ ^^^ 
such that the reclaTx^V^ cwLV.«»fe^'«^'^'^ ^^^"^ 

B. E. II. 
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and one part may be equal to that contained 
by the other part and a given straight line. 

1863. in. 28. Two equal circles intersect in -4, B\ PQT 

perpendicular to AB meets it in Ty and the 
circles in P, Q, AP, BQ meet in 22; AQ, 
BP in S : prove that the angle BTS is bi- 
sected by TP. 

1864. I. 38. If a quadrilateral figure have two sides parallel, 

and the parallel sides be bisected^ the line 
joining the points of bisection shall pass 
through the point in which the diagonals cut 
one another. 

n. 14. Divide a given straight line (when possible) 
into three parts such that the rectangle con- 
tained by two of them shall be equal to a 
given rectilineal figure, and that the squares 
on these two parts shall together be equal to 
the square on the third. 

UL 36. If from a given point A without a given circle 
any two straight lines APQ, ARS, be drawn, 
making equal angles with the diameter which 
passes through A, and cutting the circle in 
P, Q, and R, S, respectively, then PS, QR^ 
shall cut one another in a given point. 

j^rv. 11. If a figure of any odd number of sides have 
all its angular points on the same circle, and 
all its angles equal, then shall its sides be 
equal 

1865. I. 20. Give a geometrical construction for finding a 

point in a given straight line, the difference of 
the distances of which from two given points 
on the same side of the line shall be the 
greatest possible. 

II. 12. The base BC of an isosceles triangle ABC is 
produced to a ]^oint D\ AD is joined, and in 
AI> a point E is taken, &uch that the rect- 
angle ADy AE, is equal to Wie «c^^3kax« oTL^V(}ck<^^ 
of the equal sides AB^ AC, ol VStie \x\ajQ^^\ 
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prove that the rectangle BD^ CD is equal to 
the rectangle AD^ ED', 

865. in. 18. A given straight line is drawn at right angles 

to the straight line joining the centres of two 
given circles: prove that the difference be- 
tween the squares on two tangents drawn, one 
to each circle, from any point on the given 
straight line, is constant. 

tv. 5. Having given one side of a triangle, and the 
centre of the circumscribed circle, determine 
the locus of the centre of the inscribed circle. 

.866. L 33. Prove that a quadrilateral, which has two 

opposite sides and two opposite obtuse angles 
equal, is a parallelogram. 

Shew that the figure is not necessarily a pa- 
rallelogram, if the equal angles are acute. 

n. 9. Prove this also by superposition of the squares 
or their halves. 

m. 22. If four circles be drawn, each passing through 
three out of four given points, the angle be- 
tween the tangents at the intersection of two 
of the circles is equal to the angle between 
the tangents at the intersection of the other 
two circles. 

lY. 2. In a given circle inscribe a triangle such that 
two of the sides of the triangle shall pass 
through given points and the third side be at 
a given distance from the centre of the given 
circle. 

1867. I. 16. Any two exterior angles of a triangle are 

together greater than two right angles. 

I. 43. What is the greatest value which these com- 
plements, for a given parallelogram, can have ? 

n. 11. Divide a given straight line into two parts 
such that the squares on the whola ^\na ^s^si. 
on one of tho parta a\i«\\ >o^ \ft^<^*Cck5st $^^>iS^^ 
ot the square on tVie oVJaet '^^xX*. 
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1867. in. 22. If the chords, which bisect two angles of a 

triangle inscribed in a circle, be equal, prove 
that either the angles are equal, or the third 
angle is equal to the angle of an equilateral 
triangle. 

1868. I. 41. OKBM and OLDN 2LrQ parallelograms about 

the diameter of a parallelogram ABGD, In 
MN^ which is parallel to BA, take any point 
P and prove that, if PC, produced if neces- 
sary, meet KL in Q, BP will be parallel 
ioDQ. 

n. 12. In a triangle ABC^ 2>, E, F are the middle 
points of the sides BC, GA^ AB respectively, 
and K^ Z, M are the feet of the perpendi- 
culars on the same sides from the opposite 
angles. Prove that the greatest of the rect- 
angles contained by BC and DK^ CA and 
EL, AB and FM is equal to the sum of the 
other two. 

in. 35. Through a point, within a circle, draw a chord, 
such that the rectangle contained by the whole 
chord and one part may be equal to a given 
square. 

Determine the necessary limits to the magni- 
tude of this square. 

IV. 4. If two triangles ABO, A'B'C be inscribed in 
the same circle, so that AA', BB\ CO* meet 
in one point 0, prove that, if be the centre 
of the inscribed circle of one of the triangles, 
it will be the centre of the perpendiculars of 
the other. 

1869. I. 40. ABO is a triangle, E and F are two points ; if 

the sum of the triangles ABE and BOE be 
equal to the sum of the triangles ABF and 
BOF, then under certain conditions EF will 
be parallel to AO. Find these conditions, and 
determine when the difference instead of the 
awn of the triangles mu&l be taken. 
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1860. n. 11. Shew that the point of section lies between the 
, extremities of the line. 

m. 33. An acute-angled triangle is inscribed in a 
circle, and the paper is folded along each of 
the sides of the triangle : shew that the cir- 
cumferences of the three segments will pass 
through the same point. State the equivalent 
proposition for an obtuse-angled triangla 

rv. 11. Shew that the circles, each of which touches 
two sides at the extremities of a third, meet 
in a point. 

1870. I. 26. ABGD is a square and E a point in BC\ a 

straight line EF is drawn at right angles to 
AE^ and meets the. straight line, which bisects 
the angle between CD and ^(7 produced, in a 
point F : prove that AE is equal to EF, 

n. 9. The diagonals of a quadrilateral meet in E^ and 
F is the middle point of the straight line 
joining the middle points of the diagonals : 
prove that the sum of the squares on the 
straight lines joining E to the angular points 
of the quadrilateral is greater than the sum of 
the squares on the straight lines joining F to 
the same points by four times the square 
{mEF. 

m. 32. AB, CD are parallel diameters of two circles, 
and AC cuts the circles in P, Q : prove that 
the tangents to the circles at P, Q are parallel. 

IV. 10. Hence shew how to describe an equilateral 
and equiangular pentagon about a circle with- 
out first inscribing one. 

1871. L 38. Through the angular points -4, B^ (7, of a 

triangle are drawn three parallel straight lines 
meeting the opposite sides in A^ B\ C re- 
spectively: prove that the triangles AB'C'^ 
BC'A\ CAB' are all equal. 

n. 10. Produce a given straight line so that the square 
on the whole line thus produced may be 
double the square on the part ptQdj]L<;i^ 



( 
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1871. ni. 32. The opposite sides of a quadrilateral inscribed 

in a circle are produced to meet in P, Q, and 
about the four triangles thus formed circles 
are described : prove that the tangents to these 
circles at P and Q form a quadrilateral equal 
in all respects to the original, and that the 
line joining the centres of the circles, about 
the two quadrilaterals, bisects PQ. 

IT. 5. A triangle is inscribed in a given circle so as 
to have its centre of perpendiculars at a given 
point: prove that the middle points of its 
sides lie on a fixed circle. 
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We here insert Euclid's proofs of Props. 23, 24 of Book 
nL first obsenring that he gives the following definition of 
riMflar segments : — 

X^. Similar segments qf circles are those in voMch the 
W»0U9 are eqwU^ or which contain equal angles. 



Book IIL Peoposition XXIII. Thsobbh. 

Upon the sams straigM line, and upon the sam^ side of 
Uy there cannot he two similar segments qf circles^ not 
coinciding with each other. 




If it be possible, on the same base AB, and on the s^me 
side of it, let there be two similar segments of s, ABC, 
ABDf which do not coincide. 

• 

Because ADB cuts ACB in pts. A and By they 
«amiot cut one another in any other pt., and .'. one of the 
segments must fall within the other. 

Let ADB fall within ACB. 

Draw the st. line BDC and join CA, DA. 

Then *.* segment ADB is similar to sQgmient ACB, 

.-. lADB^lACB. 

Or the extr. z of a A =the intr. and opposite L , which Is 
impossible ; 

/. the segments cannot but coincide. ^ b. d. 



2o8 EUCLID'S ELEMENTS. 



Book III. Peoposition XXIV. Theobem. 

Similar segments qf circles, upon equal straight lines, are 
equal to one another. 





JB JD 



Let ABCyDEF be similar segment of s on equal st 
lines AB, DE, 

Then must segment ABO = segment DEF. 

For if segment ABC he applied to segment DEF, so that 
A may be on C and AB on DE, then B will coincide with E, 
and AB with DE; 

.*. segment ABG must also coincide with segment DEF; 

m. 23. 

/. s^ment ABC= segment DEF, Ax. a 

Q. E. D. 



We gave one Proposition, (7, page 150, as an example of 
the way in which the conceptions of Flat and Reflex Angles 
may be employed to extend and simplify Euclid's proofs. We 
here give the proofs, based on the same conceptions, of the 
important propositions xxn. and xxxl 
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Proposition XXII. Theorem. 

The opposite angles of any quadrilateral figure^ iiu 
loribed in a circle, are together equal to two right angles. 




Let ABCD be a quadrilateral fig. inscribed in a 0. 

Then must each pair of its opposite is he together equal 
two rt. L s. 

From 0, the centre, draw OB, OD, 

Then v z^Oi>= twice iBAD, ra. 20. 

and the reflex / 2>OJ5= twice i BCD, in. C. p. 160. 

.*. sum of z s at 0= twice sum of z.s BAD, BCD, 

But sum of z s at 0=4 right i%\ 1. 15, Cor. 2. 

.*. twice sum of z s BAD, BCD =4, right i s ; 

.'. sum of z s BAD, BCD =two right z s. 

Similarly, it may be shewn that 



sum of z s ABG^ ADG^I^qti^ l^ 



^v*-^' 



/ 



210 EUCLID'S ELEMENTS. 



Peoposition XXXI. Theorem. 

In a circle, the angle in a semicircle is a rigid a, 
and the angle in a segment greater than a semicircle i 
than a right angle; and the angle in a segment less t) 
semicircle is greater than a right angle* 




Let ABC be a 0, of which is the centre and . 
diameter. 

Draw ACf dividing the © into the segments ABC, A 

Jom BA, AD, DC. 

Then must the i in the semicircle BAC he a rt. l 
I in segment ABC, greater than a semicircle, less tl 
rt, I , and i in segment ADC, less than a semii 
greater than art, i. 

First, •. • the flat angle BOC- twice i BAC, in. C. j 

.'. iBACS&2^Tt, I. 

Next, •/ I BAC is a rt. l, 
', L ABC is less than a rt. z . 
Lastly, •.• sum of z s ABC, ADC= two rt. z s, i 
and z ABC is less than a rt. z , 
.% z ^2>(7 is greater t\iaxi a Tt. l. < 
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